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Abstract
For every conformal gauge field hα(n)α˙(m) in four dimensions, with n ≥ m > 0, a
gauge-invariant action is known to exist in arbitrary conformally flat backgrounds.
If the Weyl tensor is non-vanishing, however, gauge invariance holds for a pure
conformal field in the following cases: (i) n = m = 1 (Maxwell’s field) on arbi-
trary gravitational backgrounds; and (ii) n = m+ 1 = 2 (conformal gravitino) and
n = m = 2 (conformal graviton) on Bach-flat backgrounds. It is believed that in
other cases certain lower-spin fields must be introduced to ensure gauge invariance
in Bach-flat backgrounds, although no closed-form model has yet been constructed
(except for conformal maximal depth fields with spin s = 5/2 and s = 3). In
this paper we derive such a gauge-invariant model describing the dynamics of a
conformal pseudo-graviton (described by hα(3)α˙ and h¯αα˙(3)) coupled to a self-dual
two-form. Similar to other conformal higher-spin theories, it can be embedded
in an off-shell superconformal gauge-invariant action. Specifically, we introduce a
new family of N = 1 superconformal gauge multiplets described by unconstrained
prepotentials Υα(n), with n > 0, and propose the corresponding gauge-invariant
actions on conformally-flat backgrounds. We demonstrate that the n = 2 model,
which contains hα(3)α˙ at the component level, can be lifted to a Bach-flat back-
ground provided Υα(2) is coupled to a chiral spinor Ωα. We also propose families
of (super)conformal higher-derivative non-gauge actions and new superconformal
operators in any curved space. Finally, through considerations based on supersym-
metry, we argue that the conformal spin-3 field should always be accompanied by a
conformal spin-2 field in order to ensure gauge invariance in a Bach-flat background.
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1 Introduction
The problem of constructing gauge-invariant actions for conformal higher-spin (CHS)
gauge fields in curved backgrounds has attracted much interest in recent years [1–6].
Historically, free CHS models were formulated in 1985 by Fradkin and Tseytlin [7] in
Minkowski space, although already at that time it was clear that there should exist a
consistent formulation for all CHS models on arbitrary conformally flat backgrounds. Such
a formulation has been developed only recently [5]. Several years ago, it was believed (see,
e.g., the discussions in [1, 2]) that the dynamics of a pure conformal spin-s field could be
consistently defined on Bach-flat backgrounds for any spin s > 2, similar to the cases of
the conformal gravitino (spin 3/2) and the conformal graviton (spin 2). However, recent
studies of the conformal spin-3 theory [1–4] have demonstrated [2,3] that gauge invariance
of a single spin-3 field can only be upheld to first order in the background curvature. It was
then conjectured by Grigoriev and Tseytlin [2] that it might be possible to restore gauge
invariance by turning on a coupling to a conformal vector field. Further evidence for this
idea was provided by Beccaria and Tseytlin [3], who explicitly worked out the spin 3–1
mixing terms. Unfortunately, the pure spin-3 sector is still unknown to all orders in the
background curvature, and the story of the conformal spin-3 field in curved backgrounds
so far remains unfinished.
New insights into the problem have recently been obtained by studying somewhat
simpler dynamical systems – generalised CHS fields in a gravitational background. Specif-
ically, gauge-invariant actions were constructed in [6] for the conformal maximal depth
fields with spin s = 5/2 and s = 3 in four-dimensional Bach-flat backgrounds. It was
found that certain lower-spin fields must be introduced to ensure gauge invariance when
2
s > 2, which is analogous to the conjecture for conformal higher-spin fields of minimal
depth [2, 3].
In this paper, a program is initiated to extend the analysis of [6] to the case of CHS
fields of minimal depth. We construct a new conformal gauge theory in an arbitrary
Bach-flat background. It shares an important feature with the conformal spin-3 field,
which is: the gauge field has to be accompanied by a certain lower-spin field in order to
uphold gauge invariance when the background Weyl tensor is non-vanishing. Unlike the
conformal spin-3 case, our model is worked out in closed form. In general, given positive
integers n ≥ m ≥ 1, the conformal gauge field hα(n)α˙(m)(x) in curved space is characterised
by gauge transformations of the form
δℓhα(n)α˙(m) = ∇(α1(α˙1ℓα2...αn)α˙2...α˙m) , (1.1)
where ∇αα˙ is the conformally covariant derivative (2.1). This field hα(n)α˙(m) and the gauge
parameter ℓα(n−1)α˙(m−1) are complex for n 6= m, and the action functional also depends on
the conjugate field h¯α(m)α˙(n). Our model describes the dynamics of a conformal pseudo-
graviton, hα(3)α˙ and h¯αα˙(3), coupled to non-gauge fields χα(2) and χ¯α˙(2). We call hα(3)α˙ the
pseudo-graviton field since it has the same dimension and total number of spinor indices
as the conformal spin-2 field hα(2)α˙(2).
In principle, any CHS theory in four dimensions may be embedded in an off-shell
superconformal higher-spin (SCHS) theory. It suffices to mention that such embeddings
for the Fradkin-Tseytlin CHS fields [7] were described in [8] (see also [5]). In this pa-
per we provide a superconformal extension of the pseudo-graviton model in a Bach-flat
background. In the case of a conformally flat background, this model is a representa-
tive of a new family of SCHS models, which are proposed in this paper an are described
by unconstrained gauge prepotentials Υα(n)(x, θ, θ¯), with n > 1, defined modulo gauge
transformations
δζ,λΥα(n) =∇(α1ζα2...αn) + λα(n) , ∇¯β˙λα(n) = 0 , (1.2)
where ∇A = (∇a,∇α, ∇¯
α˙
) are the covariant derivatives of conformal superspace, see
Appendix A.1 Our new superconformal model is realised in terms of the gauge prepotential
Υα(2) coupled to a primary chiral spinor Ωα, ∇¯β˙Ωα = 0. The latter decouples if the
background super-Weyl tensor vanishes.
1This gauge transformation law was introduced in Ref. [9] within the U(1) superspace approach [10,11].
The n = 1 case corresponds to the superconformal gravitino multiplet model which was described in [8]
in the framework of the Grimm-Wess-Zumino geometry [12].
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It should be emphasised that the superconformal gauge prepotentials Υα(n) were not
discussed in [8] for n > 1. The SCHS theories studied in [8] were formulated in terms of
unconstrained prepotentials Υα(n)α˙(m), n ≥ m > 0, defined modulo gauge transformations
δΛ,ζΥα(n)α˙(m) =∇(α1 ζ¯α2...αn)α˙(m) + ∇¯(α˙1Λα(n)α˙2...α˙m) , (1.3)
with unconstrained gauge parameters ζ¯α(n−1)α˙(m) and Λα(n)α˙(m−1). In the m = n case, the
gauge prepotential Υα(n)α˙(n) is restricted to be real, and then the gauge parameters in
(1.3) are related by Λα(n)α˙(n−1) = −ζα(n)α˙(n−1).
This paper is organised as follows. In section 2 we review the gauge-invariant models
for arbitrary rank conformal fields hα(n)α˙(m) in conformally flat backgrounds. A gauge-
invariant model for the conformal pseudo-graviton in a Bach-flat background is con-
structed in section 3. Section 4 introduces a novel class of gauge invariant superconformal
higher-spin models described by the prepotential Υα(n). Section 5 reviews the model for
the superconformal gravitino multiplet. In section 6 we construct a gauge-invariant model
for the superconformal pseudo-graviton multiplet in a Bach-flat background. In section 7
we introduce a new family of (super)conformal non-gauge models. Concluding comments
are given in section 8. The main body of this paper is accompanied by two technical
appendices which are devoted to various aspects of conformal superspace.
2 Non-supersymmetric models
Throughout this work we make extensive use of the conformal (super)space techniques
developed in [13–17]. In appendix A we review this framework for the case of N = 1
supersymmetry. In this section we require only the bosonic truncation of this formalism
[15, 17], which we summarise below (see also [5]).
2.1 Conformal geometry
In modern approaches to conformal gravity [18], the structure group of the space-time
manifold is promoted from the Lorentz group to the conformal group. The geometry of
space-time is then described by the conformally covariant derivative
∇a = ea
m∂m −
1
2
ωa
bcMbc − baD− fa
bKb (2.1)
where Mbc,D and Ka are the Lorentz, dilatation and special conformal generators respec-
tively. Upon imposing appropriate constraints on the torsion and curvature tensors, one
4
can show that the algebra of conformal covariant derivatives in the two-component spinor
notation (we adopt the spinor conventions of [19]) takes the form
[
∇αα˙,∇ββ˙
]
= −
(
εα˙β˙CαβγδM
γδ + εαβC¯α˙β˙γ˙δ˙M¯
γ˙δ˙
)
−
1
4
(
εα˙β˙∇
δγ˙Cαβδ
γ + εαβ∇
γδ˙C¯α˙β˙δ˙
γ˙
)
Kγγ˙ . (2.2)
Here Cαβγδ and C¯α˙β˙γ˙δ˙ are the self-dual and anti self-dual parts of the Weyl tensor Cabcd.
The commutation relations (2.2) should be accompanied by
[
D,∇ββ˙
]
= ∇ββ˙ ,
[
Kαα˙,∇ββ˙
]
= 4
(
εα˙β˙Mαβ + εαβM¯α˙β˙ − εαβεα˙β˙D
)
. (2.3)
Consider a field φ (with its indices suppressed) transforming in some representation
of the conformal group. It is called a primary field of dimension (or Weyl weight) ∆ if
Kaφ = 0 , Dφ = ∆φ . (2.4)
Associated with a primary complex scalar field L of dimension +4 is the functional
I =
∫
d4x eL+ c.c. , DL = 4L , KaL = 0 . (2.5)
which is invariant under the full gauge group of conformal gravity. In particular, this
means that upon degauging (see appendix B.1), the action (2.5) is invariant under Weyl
transformations. In what follows such action functionals will be called primary.
2.2 CHS fields in conformally-flat background
Gauge-invariant models for conformal higher-spin fields hα(n)α˙(m), with n ≥ m ≥ 1,
coupled to a conformally flat background were described recently in [5]. Such fields are
defined modulo the gauge transformations
δℓhα(n)α˙(m) = ∇(α1(α˙1ℓα2...αn)α˙2...α˙m) (2.6)
and possess the conformal properties
Kββ˙hα(n)α˙(m) = 0 , Dhα(n)α˙(m) =
[
2−
1
2
(n+m)
]
hα(n)α˙(m) . (2.7)
In words, it is a primary gauge field with conformal weight
(
2 − 1
2
(n +m)
)
. The gauge
parameter ℓα(n−1)α˙(m−1) is also primary and has weight one unit less.
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For fixed values of n and m, there are two field strengths associated with hα(n)α˙(m),
Cˆα(n+m)(h) = ∇(α1
β˙1 · · ·∇αm
β˙mhαm+1...αn+m)β˙(m) , (2.8a)
Cˇα(n+m)(h¯) = ∇(α1
β˙1 . . .∇αn
β˙nh¯αn+1...αn+m)β˙(n) . (2.8b)
Both field strengths (2.8a) and (2.8b) are primary tensors fields with Weyl weights
(
2 −
1
2
(n−m)
)
and
(
2 + 1
2
(n−m)
)
respectively. For n > 1, one can see that the variation of
(2.8) under the gauge transformations (2.6) is strictly proportional to the Weyl tensor.
This means that the conformal action
S
(n,m)
Skeleton = i
n+m
∫
d4x e Cˆα(n+m)(h)Cˇα(n+m)(h¯) + c.c. (2.9)
is gauge invariant in any conformally flat background.
In general, though, the model (2.9) is not gauge invariant in an arbitrary background.
However, for n > 1, it is a common belief that gauge-invariant extensions to (2.9) exist
in Bach-flat backgrounds. In what follows we exemplify this by explicitly constructing
gauge-invariant models for CHS fields of the type hα(n)α˙ with n = 2, 3.
2.3 Conformal gravitino in Bach-flat background
The field with n = m+ 1 = 2 corresponds to the conformal gravitino, and the gauge-
invariant model can be extracted from the action forN = 1 conformal supergravity [18,20]
by linearising it around a Bach-flat background. Below we review this model, but from a
constructive perspective.
The conformal gravitino hα(2)α˙ is described by a weight +1/2 complex primary field,
Kββ˙hα(2)α˙ = 0 , Dhα(2)α˙ =
1
2
hα(2)α˙ , (2.10)
and is defined modulo the gauge transformations
δℓhα(2)α˙ = ∇(α1α˙ℓα2) . (2.11)
Under (2.11), the variations of the higher-spin Weyl tensors (2.8) are proportional to the
Weyl tensor,
δℓCˆα(3)(h) = Cα(3)δℓ
δ , δℓCˇα(3)(h¯) =
1
2
Cα(3)δ∇
δδ˙ ℓ¯δ˙ −∇
δδ˙Cα(3)δ ℓ¯δ˙ . (2.12)
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Consequently, the skeleton action (2.9) has a non-zero gauge variation given by
δℓS
(2,1)
Skeleton = i
∫
d4x e
{
1
2
ℓ¯α˙
[
Cβ(3)δ∇δα˙Cˆβ(3)(h) + 3∇δα˙C
β(3)δCˆβ(3)(h)
]
− ℓαCα
β(3)Cˇβ(3)(h¯)
}
+ c.c. (2.13)
However, if the skeleton is supplemented by the non-minimal primary correction
S
(2,1)
NM = i
∫
d4x e hα(2)α˙
{
Cα(2)
β(2)∇β
β˙ h¯βα˙β˙ −∇β
β˙Cα(2)
β(2)h¯βα˙β˙
}
+ c.c. , (2.14)
then the sum of the two sectors
S
(2,1)
CHS = S
(2,1)
Skeleton + S
(2,1)
NM (2.15)
has gauge variation that is strictly proportional to the Bach tensor,
δℓS
(2,1)
CHS = −i
∫
d4x e
{
ℓαBα
ββ˙(2)h¯ββ˙(2) + ℓ¯
α˙Bβ(2)β˙ α˙hβ(2)β˙
}
+ c.c. (2.16)
Here Bα(2)α˙(2) is the Bach tensor,
Bα(2)α˙(2) = ∇
β1
(α˙1∇
β2
α˙2)Cα(2)β(2) = ∇(α1
β˙1∇α2)
β˙2C¯α˙(2)β˙(2) = B¯α(2)α˙(2) . (2.17)
Therefore, the action (2.15) is gauge invariant when restricted to Bach-flat backgrounds
δℓS
(2,1)
CHS
∣∣∣∣
Bα(2)α˙(2)=0
= 0 . (2.18)
3 Conformal pseudo-graviton in Bach-flat background
We will refer to the conformal gauge field with n = m+2 = 3 as the pseudo-graviton,
for it is described by a field hα(3)α˙ (and its conjugate h¯αα˙(3)) with the same weight and
total number of spinor indices as the conformal graviton hα(2)α˙(2). A gauge-invariant
model describing the pseudo-graviton in a Bach-flat background has not yet appeared in
the literature. Here we shall bridge this gap.
In accordance with (2.6) and (2.7), the field hα(3)α˙ has the conformal properties
Kββ˙hα(3)α˙ = 0 , Dhα(3)α˙ = 0 , (3.1)
and is defined modulo gauge transformations
δℓhα(3)α˙ = ∇(α1α˙ℓα2α3) . (3.2)
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The two field strengths Cˆα(4)(h) and Cˇα(4)(h¯) defined by (2.8) are no longer gauge invariant,
consequently one may show that the variation of the skeleton is
δℓS
(3,1)
Skeleton =
∫
d4x e
{
ℓα(2)
[
2Cα
γ(3)Cˇαγ(3)(h¯)
]
−
1
3
ℓ¯α˙(2)
[
16∇γα˙C
γβ(3)∇α˙
βCˆβ(4)(h)
+ 4Cγβ(3)∇γα˙∇α˙
βCˆβ(4)(h) + 6∇α˙
β∇γα˙C
γβ(3)Cˆβ(4)(h)
+ 2∇α˙
δCβ(4)∇δα˙Cˆβ(4)(h)
]}
+ c.c. (3.3)
To counter the variation (3.3) we need to introduce primary non-minimal corrections.
Up to terms proportional to the Bach tensor, there are only three such primary structures,
and they are of the form
S
(3,1)
NM,i =
∫
d4x e hα(3)α˙J
(i)
α(3)α˙(h¯) + c.c. (3.4)
Here J
(i)
α(3)α˙(h¯) are non-minimal primary tensor fields of dimension 4, with i = 1, 2, 3 and
are given by
J
(1)
α(3)α˙(h¯) = Cα(3)
βC¯α˙
β˙(3)h¯ββ˙(3) , (3.5a)
J
(2)
α(3)α˙(h¯) = 5Cα(3)
γ∇γ
β˙∇ββ˙h¯ββ˙(2)α˙ + 6Cα(2)
γ(2)∇γ
β˙∇γ
β˙h¯αα˙β˙(2)
+∇γ
β˙Cα(3)
γ∇ββ˙h¯ββ˙(2)α˙ − 6∇γ
β˙Cα(2)
βγ∇α
β˙h¯ββ˙(2)α˙
+ 2∇δβ˙Cα(3)
β∇δ
β˙h¯ββ˙(2)α˙ − 4∇
ββ˙∇γ
β˙Cα(3)
γ h¯ββ˙(2)α˙ , (3.5b)
J
(3)
α(3)α˙(h¯) = 5C¯α˙
γ˙β˙(2)∇αγ˙∇α
β˙h¯αβ˙(3) − C¯
γ˙(2)β˙(2)∇αγ˙∇αγ˙ h¯αα˙β˙(2)
+ 18∇αγ˙C¯α˙
γ˙β˙(2)∇α
β˙h¯αβ˙(3) − 3∇αγ˙C¯
γ˙β˙(3)∇αα˙h¯αβ˙(3)
+ 3∇α
δ˙C¯α˙
β˙(3)∇αδ˙h¯αβ˙(3) + 6∇α
β˙∇αγ˙C¯α˙
γ˙β˙(2)h¯αβ˙(3) . (3.5c)
In the above all free indices are assumed to be symmetrized over. It may be shown that,
up to a total derivative and terms involving the Bach tensor, the functional (3.4) with
i = 3 is a linear combination of the other two,∫
d4x e hα(3)α˙J
(3)
α(3)α˙(h¯) + c.c. =
∫
d4x e h¯αα˙(3)J¯
(3)
αα˙(3)(h) + c.c.
=
∫
d4x e hα(3)α˙
{
− J(2)
α(3)α˙(h¯) + 5J
(1)
α(3)α˙(h¯) + 6Bα(2)
β˙(2)h¯αα˙β˙(2)
}
+ c.c. (3.6)
Thus it suffices to consider only the first two independent functionals. Their gauge vari-
ations may be shown to be
δℓS
(3,1)
NM,1 =−
∫
d4x e
{
ℓα(2)
[
Cα(2)
βγ∇γγ˙C¯
γ˙β˙(3)h¯ββ˙(3) + C¯
γ˙β˙(3)∇γγ˙Cα(2)
βγh¯ββ˙(3)
8
+ Cα(2)
βγC¯ γ˙β˙(3)∇γγ˙h¯ββ˙(3)
]
+ ℓ¯α˙(2)
[
C¯α˙(2)
β˙γ˙∇γγ˙C
γβ(3)hβ(3)β˙
+ Cγβ(3)∇γγ˙C¯α˙(2)
β˙γ˙hβ(3)β˙ + C¯α˙(2)
β˙γ˙Cγβ(3)∇γγ˙hβ(3)β˙
]}
+ c.c. , (3.7a)
δℓS
(3,1)
NM,2 = 2δℓS
(3,1)
Skeleton −
(
2
∫
d4x e
{
ℓα(2)
[
3Cα(2)
βγ∇γγ˙C¯
γ˙β˙(3)h¯ββ˙(3)
+ C¯ γ˙β˙(3)∇γγ˙Cα(2)
βγh¯ββ˙(3) + 2Cα(2)
βγC¯ γ˙β˙(3)∇γγ˙ h¯ββ˙(3) +
3
2
Bα(2)
β˙(2)∇ββ˙h¯ββ˙(3)
+ 2Bα
ββ˙(2)∇α
β˙ h¯ββ˙(3) + 2∇
ββ˙Bα(2)
β˙(2)h¯ββ˙(3)
]
+ ℓ¯α˙(2)
[
Cγβ(3)∇γγ˙C¯α˙(2)
β˙γ˙hβ(3)β˙
+ 3C¯α˙(2)
β˙γ˙∇γγ˙C
γβ(3)hβ(3)β˙ + 2C¯α˙(2)
β˙γ˙Cγβ(3)∇γγ˙hβ(3)β˙ +
3
2
Bβ(2)α˙(2)∇
ββ˙hβ(3)β˙
+ 2Bβ(2)β˙ α˙∇α˙
βhβ(3)β˙ + 2∇
ββ˙Bβ(2)α˙(2)hβ(3)β˙
]}
+ c.c.
)
. (3.7b)
One can see that the action
S
(3,1)
Skeleton + S
(3,1)
NM,1 −
1
2
S
(3,1)
NM,2 (3.8)
has gauge variation that is strictly second order in the Weyl tensor. At this point, we
have exhausted all possible primary terms that are purely quadratic in the field hα(3)α˙.
The only option left is to introduce extra lower-spin fields to compensate for the second
order terms. It turns out to be sufficient to introduce only one such field, χα(2), and its
conjugate χ¯α˙(2).
The field χα(2) is chosen to be primary and of weight one,
Kββ˙χα(2) = 0 , Dχα(2) = χα(2) . (3.9)
Under the gauge transformation (3.2) it varies as
δℓχα(2) = Cα(2)
β(2)ℓβ(2) . (3.10)
The only suitable primary coupling between the fields hα(3)α˙ and χα(2) is given by
S
(3,1)
Int [h, χ] =
∫
d4x e hα(3)α˙
{
Cα(3)
γ∇γ
β˙χ¯β˙α˙ −∇γ
β˙Cα(3)
γχ¯β˙α˙
}
+ c.c. , (3.11)
and it has the following gauge variation:
δℓS
(3,1)
Int [h, χ] =
∫
d4x e
{
ℓα(2)
[
Cα(2)
γ(2)∇γ
β˙∇γ
β˙χ¯β˙(2) −Bα(2)
β˙(2)χ¯β˙(2)
]
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+ ℓ¯α˙(2)
[
2C¯α˙(2)
β˙γ˙∇γγ˙C
γβ(3)hβ(3)β˙ + C¯α˙(2)
β˙γ˙Cγβ(3)∇γγ˙hβ(3)β˙
]}
+ c.c.
(3.12)
To cancel the part of (3.12) that is proportional to χ¯α˙(2) and χα(2), we introduce the
kinetic action for these fields
S
(2,0)
NG [χ, χ¯] =
∫
d4x e χ¯α˙(2)∇α˙
α∇α˙
αχα(2) + c.c. (3.13)
Its gauge variation is given by
δℓS
(2,0)
NG [χ, χ¯] =
∫
d4x e
{
ℓα(2)Cα(2)
β(2)∇β
β˙∇β
β˙χ¯β˙(2) + ℓ¯
α˙(2)C¯α˙(2)
β˙(2)∇β˙
β∇β˙
βχβ(2)
}
+ c.c.
(3.14)
In section 7 we will give an in-depth discussion on the ‘non-gauge’ field χα(2) and its higher-
rank extensions. In particular, we will show that the kinetic action (3.13) is primary.
From (3.12) and (3.14), it follows that the conformal action
S
(3,1)
CHS = S
(3,1)
Skeleton[h, h¯] + S
(3,1)
NM,1[h, h¯]−
1
2
S
(3,1)
NM,2[h, h¯]− 2S
(3,1)
Int [h, χ] + S
(2,0)
NG [χ, χ¯] (3.15a)
=
∫
d4x e
{
Cˆα(4)(h)Cˇα(4)(h¯) + h
α(3)α˙Cα(3)
βC¯α˙
β˙(3)h¯ββ˙(3)
−
1
2
hα(3)α˙
[
5Cα(3)
γ∇γ
β˙∇ββ˙h¯ββ˙(2)α˙ + 6Cα(2)
γ(2)∇γ
β˙∇γ
β˙h¯αα˙β˙(2) +∇γ
β˙Cα(3)
γ∇ββ˙h¯ββ˙(2)α˙
− 6∇γ
β˙Cα(2)
βγ∇α
β˙h¯ββ˙(2)α˙ + 2∇
δβ˙Cα(3)
β∇δ
β˙h¯ββ˙(2)α˙ − 4∇
ββ˙∇γ
β˙Cα(3)
γh¯ββ˙(2)α˙
]
− 2hα(3)α˙
[
Cα(3)
γ∇γ
β˙χβ˙α˙ −∇γ
β˙Cα(3)
γχβ˙α˙
]
+ χ¯α˙(2)∇α˙
α∇α˙
αχα(2)
}
+ c.c. (3.15b)
has gauge variation that is strictly proportional to the Bach tensor
δℓS
(3,1)
CHS =
∫
d4x e
{
ℓα(2)
[
3Bα(2)
β˙(2)∇ββ˙h¯ββ˙(3) + 4Bα
ββ˙(2)∇α
β˙h¯ββ˙(3) + 4∇
ββ˙Bα(2)
β˙(2)h¯ββ˙(3)
+ 2Bα(2)
β˙(2)χ¯β˙(2)
]
+ ℓ¯α˙(2)
[
3Bβ(2)α˙(2)∇
ββ˙hβ(3)β˙ + 4B
β(2)β˙
α˙∇α˙
βhβ(3)β˙
+ 4∇ββ˙Bβ(2)α˙(2)hβ(3)β˙ + 2B
β(2)
α˙(2)χβ(2)
]}
+ c.c. (3.16)
It is therefore gauge invariant when restricted to a Bach-flat background
δℓS
(3,1)
CHS
∣∣∣∣
Bα(2)α˙(2)=0
= 0 . (3.17)
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Finally, we note that in the conformally-flat limit, the fields hα(3)α˙ and χα(2) decouple
and the action (3.15a) reduces to the functional
S
(3,1)
CHS = S
(3,1)
Skeleton[h, h¯] + S
(2,0)
NG [χ, χ¯] . (3.18)
4 New superconformal higher-spin models
In this section we introduce the higher-spin generalisations of the conformal gravitino
supermultiplet. These are described by the primary gauge prepotentials Υα(n), which were
first introduced in U(1) superspace [9]. For a discussion of the models described by the
prepotentials Υα(n)α˙(m), with n ≥ m > 0, we refer the reader to [5, 8] and appendix B.3.
4.1 New supermultiplets
The prepotential Υα(n) is defined modulo the gauge transformations
δζ,λΥα(n) =∇(α1ζα2...αn) + λα(n) , ∇¯α˙λα(n) = 0 , (4.1)
where the parameter ζα(n−1) is complex unconstrained, while λα(n) is covariantly chiral.
The requirement that both the prepotentials Υα(n) and gauge parameters ζα(n−1) and λα(n)
are primary uniquely fixes the dimension and U(1)R charge of Υα(n) to be
DΥα(n) = −
n
2
Υα(n) , YΥα(n) =
n
3
Υα(n) . (4.2)
These properties are consistent with the chirality of the gauge parameter λα(n) in (4.1).
The n = 1 case corresponds to the superconformal gravitino multiplet studied in [5,8].
The corresponding gauge transformation, eq. (5.1), is a curved superspace extension of the
transformation law given by Gates and Siegel [21] who studied an off-shell formulation for
the massless gravitino supermultiplet in Minkowski superspace. In addition to the gauge
superfield Υα, their model also involved two compensators, an unconstrained real scalar
and a chiral scalar.
Associated with Υα(n) and its conjugate Υ¯α˙(n) are the following covariantly chiral field
strengths:
Wˆα(n+1)(Υ) := −
1
4
∇¯
2
∇(α1Υα2...αn+1) , (4.3a)
Wˇα(n+1)(Υ¯) := −
1
4
∇¯
2
∇(α1
β˙1 · · ·∇αn
β˙n∇αn+1)Υ¯β˙(n) . (4.3b)
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It may be shown that they are primary,
KBWˆα(n+1)(Υ) = 0 , DWˆα(n+1)(Υ) =
1
2
(3− n)Wˆα(n+1)(Υ) , (4.4a)
KBWˇα(n+1)(Υ¯) = 0 , DWˇα(n+1)(Υ¯) =
1
2
(3 + n)Wˇα(n+1)(Υ¯) . (4.4b)
These properties imply that the following action
S
(n)
Skeleton = i
n
∫
d4xd2θ E Wˆα(n+1)(Υ)Wˇα(n+1)(Υ¯) + c.c. (4.5)
is locally superconformal.
Consider a conformally flat background superspace,
Wαβγ = 0 . (4.6)
In such a geometry the chiral descendants (4.3) are invariant under the gauge transfor-
mations (4.1),
δζ,λWˆα(n+1)(Υ) = 0 , δζ,λWˇα(n+1)(Υ¯) = 0 . (4.7)
As a result, the actions (4.5) are gauge invariant.
The field strengths (4.3) cease to be gauge invariant in backgrounds more general than
(4.6). In sections 5 and 6 we rectify this fact for some small values of n.
4.2 Wess-Zumino gauge and component actions
In this subsection, we discuss how the gauge freedom (4.1) may be partially fixed to
construct a Wess-Zumino gauge on Υα(n) and explore the resulting field theories. Here,
we will restrict our attention to bosonic backgrounds (all covariant fermionic fields are set
to zero), which implies
∇a| = ∇a , Wα(3)| = 0 , ∇
2Wα(3)| = 0 , (4.8a)
and require that the only non-vanishing component of Wαβγ is the Weyl tensor, that is:
∇
βWβα(2)| = 0 , ∇βWα(3)| = −Cβα(3) . (4.8b)
Then, by bar-projecting the conformal superspace algebra (A.8), we recover the algebra
of conformal space (2.2). Furthermore, in such a geometry the only surviving component
field of the super-Bach tensor Bαα˙ (see appendix A.1) is the Bach-tensor (2.17)
Bα(2)α˙(2) = −
1
2
[
∇(α1 , ∇¯(α˙1
]
Bα2)α˙2)| . (4.9)
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The Wess-Zumino gauge leaves us with only four non-zero component fields:
hα(n+1)α˙ =
1
2
[
∇(α1 , ∇¯α˙
]
Υα2...αn+1)| , (4.10a)
ψα(n)α˙ = −
1
4
∇¯α˙∇
2Υα(n)| , (4.10b)
ϕα(n+1) = −
1
4
∇(α1∇¯
2
Υα2...αn+1)| , (4.10c)
ρα(n) =
1
16
∇
β
∇¯
2
∇βΥα(n)| −
in
4(n+ 2)
∇ββ˙hβα(n)β˙ . (4.10d)
Here we have defined ρα(n) in such a way that it is annihilated by Ka. Likewise, by a
routine computation, one can show that each component field is primary
Kββ˙hα(n+1)α˙ = 0 , Kββ˙ψα(n)α˙ = 0 , Kββ˙ϕα(n+1) = 0 , Kββ˙ρα(n) = 0 . (4.11)
Underlying this gauge fixing are the following constraints on the gauge parameters:
ℓα(n) := 2iλα(n)| = −2i∇(α1ζα2...αn)| , (4.12a)
µα(n−1) := −
in
n + 1
∇
βλβα(n−1)| =
i
2
∇
2ζα(n−1)| , (4.12b)
∇(α1λα2...αn+1)| = 0 , (4.12c)
∇
2λα(n)| = 0 , (4.12d)[
∇(α1 , ∇¯α˙
]
ζα2...αn)| = −2i∇(α1α˙ζα2...αn)| , (4.12e)
∇(α1∇¯
2
ζα2...αn)| = −4i∇(α1α˙∇¯
α˙
ζα2...αn)| , (4.12f)
{∇2, ∇¯
2
}ζα(n−1)| = −16✷ζα(n−1)| , (4.12g)
∇¯α˙∇
2ζα(n−1)| =
2n
n+ 1
∇βα˙ℓβα(n−1) . (4.12h)
The residual transformations associated with this gauge are generated by the two fields
ℓα(n) and µα(n−1). These transform hα(n+1)α˙ and ψα(n)α˙ independently of the background
geometry
δℓhα(n+1)α˙ = ∇(α1α˙ℓα2...αn+1) δµψα(n)α˙ = ∇(α1α˙µα2...αn) . (4.13a)
The ℓ-transformation also acts on ρα(n) when the background Weyl tensor is non-vanishing
δℓρα(n) = i
n(n− 1)
2(n+ 2)
Cβ(2)(α1α2ℓα3...αn)β(2) . (4.13b)
From this transformation law, it follows that ρα(n) should play an important role in en-
suring gauge invariance of the model describing hα(n+1)α˙. Since (4.13b) is non-zero for
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n ≥ 2, we therefore expect that any gauge-invariant (non-supersymmetric) model describ-
ing hα(n+1)α˙ in a Bach-flat background should couple to a lower-spin field.
Upon further restricting the geometry to be conformally flat (Cα(4) = 0), the actions
(4.5) may be readily reduced to components. One finds
S
(n)
Skeleton = (−i)
n+1
∫
d4x e
{
− Cˆα(n+1)(ψ)Cˇα(n+1)(ψ¯)−
i
2
Cˆα(n+2)(h)Cˇα(n+2)(h¯)
+ϕ¯α˙(n+1)Xα˙(n+1)(ϕ) + 2i
n + 2
n + 1
ρ¯α˙(n)Xα˙(n)(ρ)
}
+ c.c. , (4.14)
which has been presented in a manifestly gauge-invariant form and where we have made
use of the notation introduced in sections 2 and 7. We would like to point out that upon
fixing n = 2 (and making the appropriate rescalings) in (4.14), the relative coefficient
between the pseudo-graviton sector and the non-gauge sector (the ρα(2) field) does not
agree with that of (3.18). This fact will play an important role in our analysis of the
superconformal pseudo-graviton multiplet in section 6.
This analysis also leads to non-trivial information concerning the Υα(3) supermultiplet
in a generic background. For instance, at the component level, (4.13a) implies that ψα(3)α˙
is identifiable with the conformal pseudo-graviton field and the remaining component
fields are inert under its gauge transformation. However, it was shown in section 3 (see
equation (3.15a)) that ψα(3)α˙ must be coupled to the two-form χα(2) to ensure gauge
invariance. Thus, Υα(3) must necessarily couple to a lower spin superfield. As we will see
in section 6, a lower-spin coupling is also required in the superconformal pseudo-graviton
multiplet. Therefore, it seems reasonable to expect that similar couplings are necessary
for all Υα(n), where n ≥ 2.
5 Superconformal gravitino multiplet
At this point, we extend our considerations to a superspace background with non-
vanishing super Weyl tensor, Wαβγ 6= 0. In this case it turns out that (4.5) is no longer
gauge invariant. To remedy this situation, it is necessary to add primary non-minimal
(i.e. vanishing in the conformally flat limit Wαβγ = 0) counter-terms. The construction
of such non-minimal actions is, in general, highly non-trivial and as such we will only
discuss the simplest cases of n = 1 and n = 2 here.
The gauge-invariant model describing the superconformal gravitino multiplet was con-
structed in the earlier work [8] within the framework of the Grimm-Wess-Zumino geome-
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try [12].2 Below we review this model, but in the setting of conformal superspace.
The superconformal gravitino multiplet is described by the prepotential Υα, which is
a primary superfield with Weyl weight −1/2 and U(1)R charge 1/3. It is characterised by
the gauge freedom
δζ,λΥα =∇αζ + λα , ∇¯β˙λα = 0 , (5.1)
where both ζ and λα are complex primary superfields. Under ζ and λ gauge transforma-
tions, the skeleton action
S
(1)
Skeleton = i
∫
d4xd2θ E Wˆα(2)(Υ)Wˇα(2)(Υ¯) + c.c. (5.2)
has the following variations
δζS
(1)
Skeleton =
∫
d4|4z E ζ
{
−
1
2
W¯ β˙(3)∇¯β˙∇
2
∇¯β˙Υ¯β˙ + ∇¯β˙W¯
β˙(3)
∇
2
∇¯β˙Υ¯β˙
}
+ c.c. , (5.3a)
δλS
(1)
Skeleton = −2i
∫
d4xd2θ E λαWα
β(2)Wˇβ(2)(Υ¯) + c.c. (5.3b)
To compensate for the non-zero variation of the skeleton, we need to introduce a
non-minimal primary action of the form
S
(1)
NM,i = i
∫
d4|4z E ΥαJ(i)α (Υ¯) + c.c. (5.4)
where J
(i)
α (Υ¯) is a primary spinor superfield of Weyl weight 5/2 and U(1)R charge −1/3
that depends explicitly on the super-Weyl tensor. It may be shown that there are two
structures which satisfy these requirements, and they take the form
J(1)α (Υ¯) = 2W¯
β˙(3)
∇αβ˙∇¯β˙Υ¯β˙ − i∇¯β˙W¯
β˙(3)
∇α∇¯β˙Υ¯β˙ + 2∇αβ˙W¯
β˙(3)
∇¯β˙Υ¯β˙ , (5.5a)
J(2)α (Υ¯) = 2Wα
β(2)
∇β
β˙
∇βΥ¯β˙ − i∇βWα
β(2)
∇¯
β˙
∇βΥ¯β˙ − 2∇β
β˙Wα
β(2)
∇βΥ¯β˙ . (5.5b)
However, the corresponding actions are not independent of one another. Modulo a total
derivative one may show that they are related via
i
∫
d4|4z E ΥαJ(1)α (Υ¯) + c.c. = i
∫
d4|4z E Υ¯α˙J¯
(1)
α˙ (Υ) + c.c.
= i
∫
d4|4z E Υα
{
J(2)α (Υ¯) + 2iBαα˙Υ¯
α˙
}
+ c.c. (5.6)
2See [19] for a review of the Grimm-Wess-Zumino geometry.
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Therefore, it suffices to consider only the first functional. In (5.6), the real superfield Bαα˙
represents the super-Bach tensor which is defined in (A.9).
Using the identity (5.6), it can be shown that a generic (infinitesimal) variation of the
action (5.4), with i = 1, takes the form
δS
(1)
NM,1 = i
∫
d4|4z E δΥα
{
J(1)α (Υ¯) + J
(2)
α (Υ¯) + 2iBαα˙Υ¯
α˙
}
+ c.c. (5.7)
In addition to the aforementioned properties, the superfields J
(i)
α (Υ¯) may be shown to
satisfy the following useful identities
∇
αJ(1)α (Υ¯) =
1
2
W¯ β˙(3)∇¯β˙∇
2
∇¯β˙Υ¯β˙ − ∇¯β˙W¯
β˙(3)
∇
2
∇¯β˙Υ¯β˙ , (5.8a)
∇
αJ(2)α (Υ¯) = −2iBαα˙∇
αΥ¯α˙ , (5.8b)
∇¯
2
J(1)α (Υ¯) = 2i∇¯
2(
Bαα˙Υ¯
α˙
)
, (5.8c)
∇¯
2
J(2)α (Υ¯) = −8Wα
β(2)Wˇβ(2)(Υ¯) . (5.8d)
The relations (5.8a) and (5.8b) are necessary when computing the ζ-gauge variation of
(5.4). For technical reasons, the λ-gauge variation is best done in the chiral subspace (see
appendix B.3 for further discussion on this issue), for which (5.8c) and (5.8d) are crucial.
By virtue of (5.7) and (5.8), one can see that the gauge variation of the functional
S
(1)
NM is given by
δζ,λS
(1)
NM = −δζ,λS
(1)
Skeleton +
(∫
d4xd2θ E ∇¯
2(
λαBαα˙Υ¯
α˙
)
+ c.c.
)
. (5.9a)
It follows that the action
S
(1)
SCHS = S
(1)
Skeleton + S
(1)
NM,1 (5.10a)
= i
∫
d4xd2θ E Wˆα(2)(Υ)Wˇα(2)(Υ¯) + i
∫
d4|4z E Υα
{
2W¯ β˙(3)∇αβ˙∇¯β˙Υ¯β˙
− i∇¯β˙W¯
β˙(3)
∇α∇¯β˙Υ¯β˙ + 2∇αβ˙W¯
β˙(3)
∇¯β˙Υ¯β˙
}
+ c.c. (5.10b)
has gauge variation that is strictly proportional to the super-Bach tensor,
δζ,λS
(1)
SCHS = −4
∫
d4|4z E λαBαα˙Υ¯
α˙ + c.c. , (5.11)
and is hence gauge invariant when restricted to a super-Bach-flat background
δζ,λS
(1)
SCHS
∣∣
Bαα˙=0
= 0 . (5.12)
One may check that upon using (5.6) and degauging to Grimm-Wess-Zumino superspace,
the above action coincides with the one given in [8] modulo a term proportional to the
super-Bach tensor.
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6 Superconformal pseudo-graviton multiplet
Let us now examine a curved superspace extension of the theory described by the
prepotential Υα(2). We recall that when restricted to a bosonic background, the gauge
freedom allows us to adopt a Wess-Zumino gauge where the component of Υα(2) defined
by (4.10a) is identifiable with the conformal pseudo-graviton field examined in section 3.
In addition, the prepotential Υα(2) has the same dimension and total number of spinor
indices as the prepotential Hαα˙ of conformal supergravity [22, 23]. Hence we will refer to
this model as the superconformal pseudo-graviton multiplet.
Conformal superspace is a powerful formalism for the construction of superconformal
invariants. However, its use also brings in certain technical subtleties associated with
integration by parts and with the transition between integrals over the full superspace
and the chiral subspace.3 Without developing efficient rules to perform these operations
(and such rules are absent at the moment) conformal superspace becomes impractical to
do various field theoretic calculations for higher-derivative models such as the ones under
consideration. In appendix B we give a detailed discussion of these issues and in some
cases propose such a rule.
Fortunately, for the current model it can be shown that any contributions arising from
these subtleties are at least second order in the super-Weyl tensor. In fact, it turns out
that there is a shortcut which will allow us to deduce the most important properties of
the full gauge-invariant model, such as the presence of a lower-spin superfield. It is for
this reason that parts of our subsequent analysis will be restricted to first order in Wα(3).
The superfield Υα(2) possesses the superconformal properties
KBΥα(2) = 0 , DΥα(2) = −Υα(2) , YΥα(2) =
2
3
Υα(2) , (6.1)
and is defined modulo the gauge transformations
δζ,λΥα(2) =∇(α1ζα2) + λα(2) , ∇¯β˙λα(2) = 0 . (6.2)
Just as in the case of the superconformal gravitino, we begin with the skeleton action
S
(2)
Skeleton = −
∫
d4xd2θ E Wˆα(3)(Υ)Wˇα(3)(Υ¯) + c.c. (6.3)
3Unlike conformal superspace, such subtleties do not occur within the U(1) superspace setting. How-
ever, U(1) superspace is much less powerful for constructing higher-derivative superconformal invariants.
It is fair to say that conformal superspace and U(1) superspace are complementary.
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It has the following variations under the gauge transformations (6.2)
δζS
(2)
Skeleton =
∫
d4|4z E ζα
{
− i∇α
α˙
∇¯
β˙
W¯β˙
α˙(2)
∇
2
∇¯(α˙1Υ¯α˙2α˙3) − i∇α
β˙
∇¯
α˙
W¯β˙
α˙(2)
∇
2
∇¯(α˙1Υ¯α˙2α˙3)
−
i
2
∇α
α˙W¯ α˙(2)β˙∇¯β˙∇
2
∇¯(α˙1Υ¯α˙2α˙3) +
7i
12
∇α
β˙W¯β˙
α˙(2)
∇¯
γ˙
∇
2
∇¯γ˙Υ¯α˙(2)
+
7i
6
∇α
β˙W¯β˙
α˙(2)
∇¯
γ˙
∇¯(α˙1Υ¯α˙2)γ˙ −
9i
4
∇
β˙W¯β˙
α˙(2)
∇α
α˙
∇
2
∇¯(α˙1Υ¯α˙2α˙3)
+
i
2
∇¯
β˙
W α˙(3)∇αβ˙∇
2
∇¯(α˙1Υ¯α˙2α˙3) −
3i
4
W¯ α˙(2)β˙∇α
α˙
∇¯β˙∇
2
∇¯(α˙1Υ¯α˙2α˙3)
−
3i
4
W¯ α˙(2)β˙∇αβ˙∇¯
α˙
∇
2
∇¯(α˙1Υ¯α˙2α˙3)
}
+ c.c. , (6.4a)
δλS
(2)
Skeleton = −2
∫
d4xd2θ E λαβW α(2)βWˇα(3)(Υ¯) + c.c. (6.4b)
Following the philosophy of the previous section, in order to cancel the parts of the
variation that are linear in the super-Weyl tensor we must introduce primary non-minimal
corrections. In general, they will take the form
S
(2)
NM,i =
∫
d4|4z EΥα(2)J
(i)
α(2)(Υ¯) + c.c. (6.5)
where J
(i)
α(2)(Υ¯) is a primary superfield of Weyl weight 3 and U(1)R charge −2/3 that
depends explicitly on the super-Weyl tensor. It may be shown that to linear order in
Wα(3), there are exactly two such structures, and they are given by
J
(1)
α(2)(Υ¯) =∇
γα˙
∇
βα˙Wβα(2)∇γΥ¯α˙(2) +
i
4
∇
βα˙
∇βWα(2)
γ
∇¯
α˙
∇γΥ¯α˙(2)
+
i
2
∇
βα˙
∇
γWγα(2)∇¯
α˙
∇βΥ¯α˙(2) +
5i
24
∇
βα˙Wβα(2)∇¯
α˙
∇
2Υ¯α˙(2)
−
1
3
∇
βα˙Wβα(2)∇
γα˙
∇γΥ¯α˙(2) +
3
2
∇
βα˙Wα(2)
γ
∇β
α˙
∇γΥ¯α˙(2)
−∇α
α˙Wα
β(2)
∇β
α˙
∇βΥ¯α˙(2) +
7i
12
∇
βWβα(2)∇
γα˙
∇¯
α˙
∇γΥ¯α˙(2)
+
i
4
∇
βWα(2)
γ
∇γ
α˙
∇¯
α˙
∇βΥ¯α˙(2) +
i
2
∇
βWαβ
γ
∇γ
α˙
∇¯
α˙
∇αΥ¯α˙(2)
+
2
3
Wα(2)
β
∇β
α˙
∇
γα˙
∇γΥ¯α˙(2) +
5i
24
Wα(2)
β
∇β
α˙
∇
α˙
∇
2Υ¯α˙(2)
+Wα
β(2)
∇β
α˙
∇β
α˙
∇αΥ¯α˙(2) −
2
3
Wα(2)
βW¯ α˙(2)β˙∇¯β˙∇βΥ¯α˙(2) , (6.6a)
J
(2)
α(2)(Υ¯) = −
2
3
∇α
α˙
∇α
β˙W¯ α˙β˙
γ˙
∇¯γ˙Υ¯α˙(2) +
i
3
∇α
β˙
∇¯β˙W¯
α˙(2)γ˙
∇¯γ˙∇αΥ¯α˙(2)
−
2i
3
∇¯
β˙
∇α
γ˙W¯γ˙
α˙(2)
∇¯β˙∇αΥ¯α˙(2) +
4
3
∇¯
β˙
∇α
α˙W¯ α˙β˙
γ˙
∇αγ˙Υ¯α˙(2)
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−
2
3
∇¯
β˙
∇αβ˙W¯
α˙(2)γ˙
∇αγ˙Υ¯α˙(2) −
5i
12
∇α
β˙W¯β˙
α˙(2)
∇¯
2
∇αΥ¯α˙(2)
+
1
3
∇α
β˙W¯β˙
α˙(2)
∇¯
γ˙
∇αγ˙Υ¯α˙(2) −
1
3
∇α
β˙W¯ α˙(2)γ˙∇¯γ˙∇αβ˙Υ¯α˙(2)
+∇α
α˙W¯ α˙β˙(2)∇¯β˙∇αβ˙Υ¯α˙(2) −∇α
β˙W¯ α˙β˙
γ˙
∇¯
α˙
∇αγ˙Υ¯α˙(2)
−
i
2
∇¯
β˙
W¯ α˙β˙
γ˙
∇¯
α˙
∇α∇αγ˙Υ¯α˙(2) +
2
3
∇¯
β˙
W¯ α˙(2)γ˙∇αβ˙∇αγ˙Υ¯α˙(2)
+
7i
12
∇¯
β˙
W¯β˙
α˙(2)
∇¯
γ˙
∇α∇αγ˙Υ¯α˙(2) − ∇¯
α˙
W¯ α˙β˙(2)∇αβ˙∇αβ˙Υ¯α˙(2)
+
i
6
∇¯
β˙
W¯ α˙(2)γ˙∇¯β˙∇α∇αγ˙Υ¯α˙(2) −
2
3
W¯ α˙(2)β˙∇¯
γ˙
∇αγ˙∇αβ˙Υ¯α˙(2)
+
5i
24
W¯ α˙(2)β˙∇¯
2
∇α∇αβ˙Υ¯α˙(2) + W¯
α˙β˙(2)
∇¯
α˙
∇αβ˙∇αβ˙Υ¯α˙(2) +O(W
2) . (6.6b)
In (6.6a) and (6.6b), all free indices are assumed to be symmetrized over.
A few comments regarding the general structure of the primary superfields (6.6) are in
order. Firstly, the superfield (6.6a) is an exact primary (i.e. it is primary to all orders in
the super-Weyl tensor). There are terms quadratic in Wα(3) which ensure this property.
Their presence is new and did not appear in the first order structures for previous models.
Secondly, the superfield (6.6b) is primary only to first order in the Weyl tensor. This does
not present a problem since it may be shown that (6.6b) and (6.6a) are not independent
of one another and are related via the identity
∫
d4|4z E Υα(2)J
(1)
α(2)(Υ¯) + c.c. =
∫
d4|4z E Υ¯α˙(2)J¯
(1)
α˙(2)(Υ) + c.c. (6.7)
=
∫
d4|4z EΥα(2)
{
J
(2)
α(2)(Υ¯) + i∇α
α˙Bα
α˙Υ¯α˙(2) +
1
6
∇α∇¯
α˙
Bα
α˙Υ¯α˙(2) +
1
3
∇¯
α˙
Bα
α˙
∇αΥ¯α˙(2)
+
1
6
∇αBα
α˙
∇¯
α˙
Υ¯α˙(2) +
1
2
Bα
α˙
∇¯
α˙
∇αΥ¯α˙(2) +
2i
3
Bα
α˙
∇α
α˙Υ¯α˙(2)
}
+ c.c. (6.8)
Hence, for the purpose of restoring gauge invariance it suffices to consider only J
(1)
α(2)(Υ¯).
By making use of the identity (6.8), one can show that a generic (infinitesimal) vari-
ation of the action (6.5), with i = 1, takes the form
δS
(2)
NM,1 =
∫
d4|4z E δΥα(2)
{
J
(1)
α(2)(Υ¯) + J
(2)
α(2)(Υ¯) + i∇α
α˙Bα
α˙Υ¯α˙(2) +
1
6
∇α∇¯
α˙
Bα
α˙Υ¯α˙(2)
+
1
3
∇¯
α˙
Bα
α˙
∇αΥ¯α˙(2) +
1
6
∇αBα
α˙
∇¯
α˙
Υ¯α˙(2) +
1
2
Bα
α˙
∇¯
α˙
∇αΥ¯α˙(2)
+
2i
3
Bα
α˙
∇α
α˙Υ¯α˙(2)
}
+ c.c. (6.9)
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Furthermore, to first order it is possible to show that the superfields (6.6) satisfy the
following identities
∇
βJ
(1)
αβ(Υ¯) = −∇
βα˙Bα
α˙
∇βΥ¯α˙(2) −
1
4
∇¯
α˙
Bα
α˙
∇
2Υ¯α˙(2) −
1
4
∇
βBα
α˙
∇¯
α˙
∇βΥ¯α˙(2)+
−
i
2
Bβα˙∇α
α˙
∇βΥ¯α˙(2) +
7i
12
Bα
α˙
∇
βα˙
∇βΥ¯α˙(2) +
1
24
Bα
α˙
∇¯
α˙
∇
2Υ¯α˙(2) , (6.10a)
∇
βJ
(2)
αβ(Υ¯) =
1
4
{
i∇α
α˙
∇
β˙W¯β˙
α˙(2)
∇
2
∇¯(α˙1Υ¯α˙2α˙3) + i∇α
β˙
∇¯
α˙
W¯β˙
α˙(2)
∇
2
∇¯(α˙1Υ¯α˙2α˙3)
+
5i
4
∇α
β˙W¯β˙
α˙(2)
∇¯
2
∇
2Υ¯α˙(2) − 2∇α
γ˙W¯ α˙(2)β˙∇βγ˙∇¯β˙∇βΥ¯α˙(2)
+ 6∇α
β˙W¯ α˙β˙
γ˙
∇
β
γ˙∇¯
α˙
∇βΥ¯α˙(2) −∇α
β˙W¯β˙
α˙(2)
∇
βγ˙
∇¯γ˙∇βΥ¯α˙(2)
+
9i
4
∇¯
β˙
W¯β˙
α˙(2)
∇α
α˙
∇
2
∇¯(α˙1Υ¯α˙2α˙3) −
i
2
∇¯
β˙
W¯ α˙(3)∇αβ˙∇
2
∇¯α˙Υ¯α˙(2)
− W¯ α˙(2)β˙∇αβ˙∇
βγ˙
∇¯γ˙∇βΥ¯α˙(2) − 4W¯
α˙β˙(2)
∇αβ˙∇
β
β˙∇¯
α˙
∇βΥ¯α˙(2)
}
+
1
3
∇(αBβ)
α˙
∇¯
α˙
∇
βΥ¯α˙(2) +
4i
3
B(α
α˙
∇
β
∇β)
α˙Υ¯α˙(2) . (6.10b)
Both relations (6.9) and (6.10) are fundamental in computing the gauge variation of
the superconformal action S
(2)
NM,1 and to first order it can be shown that the ζ gauge
variation is given by
δζS
(2)
NM,1 = −
1
4
δζS
(2)
Skeleton +
∫
d4|4z E ζα
{
− 2∇βα˙Bα
α˙
∇βΥ¯α˙(2) −
1
4
∇¯
α˙
Bα
α˙
∇
2Υ¯α˙(2)
−
1
3
∇
βBα
α˙
∇
α˙
∇βΥ¯α˙(2) −
15i
8
Bβα˙∇α
α˙
∇βΥ¯α˙(2) +
47i
24
Bα
α˙
∇
βα˙
∇βΥ¯α˙(2)
−
i
6
Bα
α˙
∇
βα˙
∇βΥ¯α˙(2) −
1
3
Bα
α˙
∇¯
α˙
∇
2Υ¯α˙(2)
}
. (6.11)
This implies that the superconformal action
S
(2)
SCHS = S
(2)
Skeleton + 4S
(2)
NM,1 (6.12)
is invariant under ζ-gauge transformations to leading order in the super-Weyl tensor (when
restricted to a Bach-flat background)
δζS
(2)
SCHS
∣∣
Bαα˙=0
= O(W 2) . (6.13)
It may also be checked that under a chiral gauge transformation, the action (6.12) is
proportional to terms quadratic in Wα(3) or linear in Bαα˙.
Due to the problems outlined in the beginning of this section, we have so far restricted
our analysis of gauge invariance to be of first order in the super-Weyl tensor. However,
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in section 3 we constructed the non-supersymmetric model for the conformal pseudo-
graviton, which was gauge invariant to all orders (i.e. second order) in the background
curvature. It is instructive to compare this model with its supersymmetric extension
considered in this section, and see what conclusions we can draw regarding the second
order completion of the latter.
In the conformally-flat limit, we know from (3.18) and (4.14) that the non-supersymmetric
model and the (bosonic sector of the) supersymmetric skeleton (in the Wess-Zumino
gauge) are given by the actions
S
(3,1)
CHS =
∫
d4x e
{
Cˆα(4)(h)Cˇα(4)(h¯) + χ¯
α˙(2)Xα˙(2)(χ)
}
+ c.c. , (6.14a)
S
(2)
SCHS
∣∣∣
Bosonic
=
1
2
∫
d4x e
{
Cˆα(4)(h)Cˇα(4)(h¯)−
16
3
ρ¯α˙(2)Xα˙(2)(ρ)
}
+ c.c. (6.14b)
From (6.14) one can see that the relative coefficients between the pseudo-graviton
hα(3)α˙ and the non-gauge fields χα(2) and ρα(2) do not agree. The only way for these
models to be consistent with one another is if there is an additional lower-spin superfield
present in the supersymmetric pseudo-graviton model. By construction, the model (6.12)
is gauge invariant to first order in the super-Weyl tensor, therefore the purpose of this
lower-spin superfield must be to ensure gauge invariance to second order.
It turns out that the only possible candidate for such a field is the chiral non-gauge
superfield Ωα, which is characterised by the superconformal properties
KBΩα = 0 , DΩα =
1
2
Ωα , Y Ωα = −
1
3
Ωα , ∇¯β˙Ωα = 0 . (6.15)
See section 7.3 for more details. In order to provide corrections to the overall gauge
variation it is clear that Ωα must transform non-trivially and couple to the pseudo-graviton
Υα(2). The only transformation which preserves all of the properties (6.15) is
4
δλΩα =Wα
β(2)λβ(2) . (6.16)
There is only a single possible quadratic non-minimal primary coupling between Υ and
Ω, and it takes the form
S
(2)
Int [Υ,Ω] = i
∫
d4|4z E Υα(2)Jα(2)(Ω¯) + c.c. , (6.17a)
4Given the chirality of Ωα and the transformations (6.16), we can further conclude that the purpose
of Ωα is to ensure second-order invariance under chiral gauge transformations.
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Jα(2)(Ω¯) =∇ββ˙Wα(2)
βΩ¯β˙ −Wα(2)
β
∇ββ˙Ω¯
β˙ +
i
2
∇βWα(2)
β
∇¯β˙Ω¯
β˙ . (6.17b)
It follows that the total action for the pseudo-graviton multiplet is
S
(2)
SCHS = S
(2)
Skeleton[Υ, Υ¯] + 4S
(2)
NM,1[Υ, Υ¯] + µS
(2)
Int [Υ,Ω] + µS
(1)
NG[Ω, Ω¯] +O(W
2) (6.18)
for some constant µ ∈ R and where O(W 2) represent terms that are quadratic in both Υ
and the super-Weyl tensor. All possible structures of this type may be shown to take the
form (6.5) with
J
(3)
α(2)(Υ¯) =∇βW
β
α(2)∇¯β˙W¯
β˙α˙(2)Υ¯α˙(2) − 2i∇ββ˙W
β
α(2)W¯
β˙α˙(2)Υ¯α˙(2)
+ 2iWα(2)
β
∇ββ˙W¯
β˙α˙(2)Υ¯α˙(2) , (6.19a)
J
(4)
α(2)(Υ¯) =∇βW
β
α(2)W¯
α˙(2)β˙
∇¯β˙Υ¯α˙(2) +Wα(2)
βW¯ α˙(2)β˙∇β∇¯β˙Υ¯α˙(2) , (6.19b)
J
(5)
α(2)(Υ¯) = Wα(2)
β
∇¯β˙W¯
β˙α˙(2)
∇βΥ¯α˙(2) −Wα(2)
βW¯ β˙α˙(2)∇¯β˙∇βΥ¯α˙(2) , (6.19c)
or are expressible as linear combinations thereof.We note that the lower-spin sector in
(6.18) is ζ-gauge invariant in a Bach-flat background whilst their relative coefficient of
unity is fixed by λ-invariance.
We can actually go a step further and deduce the value of µ, but to do so we must
take a closer look at the component structure of (6.18).5 For the component fields we use
the definitions (4.10), (4.12a) and (7.30). Using (6.14b) and the results of section 7.3, one
can show that in the conformally-flat limit the bosonic sector of (6.18) is
S
(2)
SCHS
∣∣∣
Bosonic
=
1
2
∫
d4x e
{
Cˆα(4)(h)Cˇα(4)(h¯)−
16
3
ρ¯α˙(2)Xα˙(2)(ρ)
−
µ
2
(
U¯ α˙(2)Xα˙(2)(U) +
1
2
V¯✷V
)}
+ c.c. (6.20)
In a generic background we find that the fields in (6.14a) and (6.20) are defined modulo
the gauge transformations (see (3.10) and (4.13b) )
δℓhα(3)α˙ =∇(α1α˙ℓα2α3) , δℓV = 0 ,
δℓχα(2) = Cα(2)
β(2)ℓβ(2) , δℓρα(2) =
i
4
Cα(2)
β(2)ℓβ(2) , δℓUα(2) =
i
2
Cα(2)
β(2)ℓβ(2) . (6.21)
In (6.20) there are clearly two distinct non-gauge fields, ρα(2) and Uα(2), which are
of the same tensor type as the non-gauge field χα(2) in the non-supersymmetric model
5According to our general procedure, µ would typically be determined by second order λ-invariance.
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and which have non-trivial gauge transformations (and so play a role in ensuring gauge
invariance). However, if we make the following field redefinitions
Xα(2) =
4i
3
(
ρα(2) − 2Uα(2)
)
, Yα(2) =
4i
3
(
− 2ρα(2) + Uα(2)
)
, (6.22)
then the fields Xα(2) and Yα(2) transform in the manner
δℓXα(2) = Cα(2)
β(2)λβ(2) , δℓYα(2) = 0 . (6.23)
If in addition we choose µ = −32/3 then the action (6.20) becomes
S
(2)
SCHS
∣∣∣
Bosonic
=
1
2
∫
d4x e
{
Cˆα(4)(h)Cˇα(4)(h¯) + X¯
α˙(2)Xα˙(2)(X)
− Y¯ α˙(2)Xα˙(2)(Y ) +
8
3
V¯✷V
}
+ c.c. (6.24)
The fields Yα(2) and V do not transform under ℓα(2). Consequently, they do not play a
role in establishing gauge invariance and are present only to ensure supersymmetry. Since
the non-gauge fields χα(2) and Xα(2) share the same gauge transformations and relative
coefficient between their own kinetic sector and that of the pseudo-graviton, we may
identify them. Thus we conclude that the lower-spin sectors in the supersymmetric model
(6.18) have coefficients µ = −32/3. This means that the coefficients of all sectors in the
pseudo-graviton multiplet, except for the second order ones (6.19), have been determined.
7 (Super)conformal non-gauge models
As we have just seen, in order to render the model for the (super)conformal pseudo-
graviton gauge invariant, we had to introduce certain (super)conformal non-gauge (su-
per)fields. Non-gauge fields also played a pivotal role in the construction of the gauge-
invariant conformal spin-3 and spin-5/2 maximal-depth models in [6]. Therefore, it is
of interest to elaborate on the kinetic action for a generic (super)conformal non-gauge
(super)field.
7.1 Conformal non-gauge models (I)
Let χα(n)α˙(m) be a primary tensor field, n ≥ m ≥ 0, with the properties
Kββ˙χα(n)α˙(m) = 0 , Dχα(n)α˙(m) =
[
2−
1
2
(n−m)
]
χα(n)α˙(m) . (7.1)
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Then, from χα(n)α˙(m) one can construct the descendent
Xα(m)α˙(n)(χ) = ∇(α˙1
β1 · · ·∇α˙n−m
βn−mχα(m)β(n−m)α˙n−m+1 ...α˙n) , (7.2)
which is a primary tensor field of weight
(
2 + 1
2
(n−m)
)
,
Kββ˙Xα(m)α˙(n)(χ) = 0 , DXα(m)α˙(n)(χ) =
[
2 +
1
2
(n−m)
]
Xα(m)α˙(n)(χ) . (7.3)
To prove this, one can make use of the identity
[
Kγγ˙ ,∇α1β˙1 . . .∇αj β˙j
]
= 4j
(
εγ˙β˙1∇α2β˙2 · · ·∇αj β˙jMγα1 + εγα1∇α2β˙2 · · ·∇αj β˙jM¯γ˙β˙1
−εγ˙β˙1εγα1∇α2β˙2 · · ·∇αj β˙j
(
D+ j − 1
))
(7.4)
where all indices denoted by the same Greek letter are assumed to be symmetrised over.
The properties (7.1) and (7.3) mean that the action functional
S
(n,m)
NG [χ, χ¯] =
1
2
in+m
∫
d4x e χ¯α(m)α˙(n)Xα(m)α˙(n)(χ) + c.c. (7.5)
is primary in a generic background. This action with (n,m) = (1, 0) describes a conformal
Weyl spinor, while the n = m = 0 case corresponds to an auxiliary complex scalar that
appears, at the component level, in the conformal Wess-Zumino model (7.25).6 The
action (7.5) with (n,m) = (2, 0) describes a self-dual two-form that emerges in extended
conformal supergravity theories [24–30] (see [7] for a review). The field χα(2) played an
important role in the pseudo-graviton model constructed in section 3.
It should be remarked that choosing a different overall coefficient for the first term in
(7.5) leads to a total derivative,
in+m+1
∫
d4x e χ¯α(m)α˙(n)Xα(m)α˙(n)(χ) + c.c. = 0 . (7.6)
For n ≥ m > 0, the conformal field χα(n)α˙(m) will be called non-gauge since its dimen-
sion (7.1) differs from that corresponding to a conformal primary field φ
(d)
α(n)α˙(m) of depth
1 ≤ d ≤ min(n,m), with the gauge transformation law
δλφ
(d)
α(n)α˙(m) = ∇(α1(α˙1 · · ·∇αdα˙dλ
(d)
αd+1...αn)α˙d+1...α˙m)
, (7.7)
6More generally, for m = n the action (7.5) describes an auxiliary field.
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see [5, 6] for more details.7 We recall that the dimension of φ
(d)
α(n)α˙(m) is given by
Dφ
(d)
α(m)α˙(n) =
(
d+ 1−
1
2
(m+ n)
)
φ
(d)
α(m)α˙(n) . (7.8)
For m = 0 no gauge freedom may be defined for χα(n).
Gauge invariant models for conformal maximal depth spin-5/2 and spin-3 fields in a
Bach-flat background were constructed recently in [6]. For these two models, the non-
gauge fields with (n,m) =
{
(3, 0), (2, 1)
}
and (n,m) =
{
(4, 0), (3, 1)
}
respectively played
a significant role in ensuring gauge invariance.
7.2 Conformal non-gauge models (II)
For the special case m = 0 there exists another family of primary functionals. These
actions may be classified by two integers n and t that are associated with the (non-gauge)
field χ
(t)
α(n), defined to have the conformal properties
Kββ˙χ
(t)
α(n) = 0 , Dχ
(t)
α(n) =
(
2− t−
1
2
n
)
χ
(t)
α(n) . (7.9)
From χ
(t)
α(n) we can construct the descendent
X
(t)
α˙(n)(χ) = ✷
t∇(α˙1
α1 · · ·∇α˙n)
αnχ
(t)
α(n) , (7.10)
where ✷ = −1
2
∇αα˙∇αα˙ = ∇a∇a.
Upon restricting the background to be conformally flat, one may prove, via induction
on t, that the following identity holds
[
Kαα˙,✷
t
]
= −4t✷t−1
(
∇α
β˙M¯α˙β˙ +∇α˙
βMαβ −∇αα˙
(
D+ t− 2
))
. (7.11)
In such backgrounds it may then be shown, using both (7.4) and (7.11), that the descen-
dent (7.10) is primary with Weyl weight given by
Kββ˙X
(t)
α˙(n)(χ) = 0 , DX
(t)
α˙(n)(χ) =
(
2 + t+
1
2
n
)
X
(t)
α˙(n)(χ) . (7.12)
It follows that the functional
S
(n,0,t)
NG [χ, χ¯] =
in
2
∫
d4x e χ¯
α˙(n)
(t) X
(t)
α˙(n)(χ) + c.c. (7.13)
7Standard gauge transformations of the type (2.6) correspond to minimal depth d = 1.
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is primary in all conformally flat backgrounds. When m = t = 0, the two models (7.5)
and (7.13) coincide.
In a generic background the descendent (7.10) is not primary. Naively, one might
expect that it is possible to rectify this by including non-minimal corrections. Indeed,
when t = 1, the first four primary extensions to (7.10) are given by
X(1)(χ) = ✷χ(1) , (7.14a)
X
(1)
α˙ (χ) = ✷∇α˙
αχ(1)α , (7.14b)
X
(1)
α˙(2)(χ) = ✷∇(α˙1
α∇α˙2)
αχ
(1)
α(2) + Cα(2)
β(2)∇(α˙1
α∇α˙2)
αχ
(1)
β(2)
+ 4∇(α˙1
αCα(2)
β(2)∇α˙2)
αχ
(1)
β(2) , (7.14c)
X
(1)
α˙(3)(χ) = ✷∇(α˙1
α∇α˙2
α∇α˙3)
αχ
(1)
α(3) + 3Cα(2)
β(2)∇(α˙1
α∇α˙2
α∇α˙3)
γχ
(1)
β(2)γ
+ 13∇(α˙1
αCα(2)
β(2)∇α˙2
α∇α˙3)
γχ
(1)
β(2)γ + 2∇(α˙1
γCα(2)
β(2)∇α˙2
α∇α˙3)
αχ
(1)
β(2)γ
+ 7∇(α˙1
γ∇α˙2
αCα(2)
β(2)∇α˙3)
αχ
(1)
β(2)γ , (7.14d)
which correspond to the cases n = 0, 1, 2, 3 respectively. Similar completions for t = 1 are
expected to exist for any n > 3. The reason being that in the next subsection we construct
a family of supersymmetric non-gauge models which, at the component level, contain the
non-supersymmetric non-gauge models of this subsection with t = 0 and t = 1. The
supersymmetric model is primary in a generic supergravity background which means that
the t = 1 family must also exist in a generic background.
However, when t > 1, there are some values of n for which no primary extension of
X
(t)
α˙(n)(χ) exists. This is true, in particular, for the following cases: (i) (t, 0) with t > 2;
and (ii) (t, 1) with t > 1. These non-existence results were derived in the mathematical
literature, see [31–35] and references therein.
In the scalar case, n = 0, it is known that X(2)(χ) = ✷2χ(2) is primary in a generic
background. Upon degauging ✷2χ(2) ≡ ∆0χ (see appendix B.1 for the technical details)
we obtain
∆0χ =
{
(DaDa)
2 −Da
(
2RabD
b −
2
3
RDa
)}
χ . (7.15)
This operator was discovered by Fradkin and Tseytlin in 1981 [36] (see [7] for a review)
and re-discovered by Paneitz in 1983 [37] and Riegert in 1984 [38].
In the spinor case, n = 1, it is known that X
(1)
α˙ (χ) = ✷∇α˙
αχ
(1)
α is primary in a generic
background. Upon degauging of ✷∇α˙αχ
(1)
α ≡ −(∆ 1
2
)αα˙χ
α we obtain
(∆ 1
2
)αα˙χ
α =
{
DbDbDαα˙ −
1
6
Dαα˙R−
1
12
RDαα˙ +
1
2
Rαββ˙α˙D
ββ˙
}
χα . (7.16)
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This operator was introduced by Fradkin and Tseytlin in 1981 [36] (see [7] for a review).
The operators ∆0 and ∆ 1
2
are contained in the supersymmetric Fradkin-Tseytlin op-
erator [39] defined by
∆φ¯ = −
1
64
∇¯
2
∇
2
∇¯
2
φ¯ , ∇αφ¯ = 0 , (7.17)
where φ is a primary dimension-0 chiral superfield.
7.3 Superconformal non-gauge models
We define Ωα(n), with n ≥ 1, to be a primary chiral superfield,
KBΩα(n) = 0 , ∇¯α˙Ωα(n) = 0 , (7.18a)
which has Weyl weight and U(1)R charge given by
DΩα(n) =
1
2
(2− n)Ωα(n) , Y Ωα(n) =
1
3
(n− 2)Ωα(n) . (7.18b)
It is possible to show that the composite scalar superfield defined by
F (n)
(
Ω, Ω¯
)
=
n∑
k=0
(−1)k∇α1α˙1 · · ·∇αkα˙kΩ
α(n)
∇αk+1α˙k+1 · · ·∇αnα˙nΩ¯
α˙(n)
−
i
2
n∑
k=1
(−1)n+k∇α1∇α2α˙2 · · ·∇αkα˙kΩ
α(n)
∇¯α˙1∇αk+1α˙k+1 · · ·∇αnα˙nΩ¯
α˙(n) (7.19)
is primary in a generic background. The superconformal properties of F (n) may therefore
be summarised as follows
KAF
(n) = 0 , DF (n) = 2F (n) , Y F (n) = 0 . (7.20)
Furthermore, one can show that it satisfies the complex conjugation property
F (n) = (−1)nF¯ (n) . (7.21)
It follows that the action functional
S
(n)
NG[Ω, Ω¯] = i
n
∫
d4|4z E F (n)
(
Ω, Ω¯
)
(7.22)
is real and invariant under the conformal supergravity gauge group. When written as an
integral over the chiral subspace, this action simplifies to
S
(n)
NG[Ω, Ω¯] = −
in
4
∫
d4xd2θ E Ωα(n)∇¯
2
∇α1α˙1 · · ·∇αnα˙nΩ¯
α˙(n) . (7.23)
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Let us briefly comment on the models (7.22) for small values of n. Firstly, the models
(7.22) were motivated by our analysis in section 6, which made use of the case n = 1,
F (1)
(
Ω, Ω¯
)
= Ωα∇αα˙Ω¯
α˙ −∇αα˙Ω
αΩ¯α˙ −
i
2
∇αΩ
α
∇¯α˙Ω¯
α˙ . (7.24)
Secondly, we note that the relations (7.18) are also well defined in the n = 0 case, which
corresponds to the conformal scalar supermultiplet Ω. In this case the Lagrangian (7.19)
turns into the Wess-Zumino kinetic term
F (0)
(
Ω, Ω¯
)
= ΩΩ¯ . (7.25)
It should be mentioned that the equation of motion for Ωα in the model (7.24) is
∇¯
2
∇αα˙Ω¯
α˙ = 0 . (7.26)
Here the left-hand side is a primary chiral spinor superfield. Its lowest component is
proportional to (7.14b).
More generally, it may be shown that the equation of motion for the model defined by
eqs. (7.19) and (7.22) is
∇¯
2
∇(α1α˙1 . . .∇αn)α˙nΩ¯
α˙(n) = 0 . (7.27)
Here the left-hand side,
Πα(n)(Ω¯) = ∇¯
2
∇(α1α˙1 . . .∇αn)α˙nΩ¯
α˙(n) , ∇βΩ¯
α˙(n) = 0 (7.28)
is a primary chiral tensor superfield. Πα(n) is a new superconformal operator for n > 0.
It is instructive to analyse the component structure of the model described by (7.22).
To this end, we restrict ourselves to the bosonic backgrounds of conformally flat super-
spaces, which are characterised by
∇a| = ∇a , Wαβγ = 0 . (7.29)
On account of (4.8) this means that the Weyl tensor vanishes, Cα(4) = 0. Since the
superfield Ωα(n) is chiral it has four independent component fields (all of which are Ka
primary), which we define as
Aα(n) := Ωα(n)
∣∣ , (7.30a)
Uα(n+1) :=∇(α1Ωα2...αn+1)
∣∣ , (7.30b)
Vα(n−1) :=∇
γΩγα(n−1)
∣∣ , (7.30c)
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Dα(n) := −
1
4
∇
2Ωα(n)
∣∣ . (7.30d)
Using these definitions, one may show that the functional (7.22) is equivalent to
S
(n)
NG[Ω, Ω¯] = i
n
∫
d4x e
{
A¯α˙(n)✷∇α1α˙1 · · ·∇αnα˙nA
α(n) + D¯α˙(n)∇α1α˙1 · · ·∇αnα˙nD
α(n)
−
i
2
U¯ α˙(n+1)∇α1α˙1 · · ·∇αn+1α˙n+1U
α(n+1)
+
i
2
n
n+ 1
V¯ α˙(n−1)✷∇α1α˙1 · · ·∇αn−1α˙n−1V
α(n−1)
}
= (−i)n
∫
d4x e
{
A¯
α˙(n)
(1) X
(1)
α˙(n)(A) + D¯
α˙(n)
(0) X
(0)
α˙(n)(D)−
i
2
U¯
α˙(n+1)
(0) X
(0)
α˙(n+1)(U)
−
i
2
n
n+ 1
V¯
α˙(n−1)
(1) X
(1)
α˙(n−1)(V )
}
. (7.31)
In the last line we have adopted the notation from the previous section.
8 Discussion
This paper has produced several important results. First of all, we have constructed
the first conformal gauge model of minimal depth in an arbitrary Bach-flat background
which supports the conjectures made in [2,3,6]. This model describes the dynamics of the
pseudo-graviton field coupled to a self-dual two-form. The latter field is required in order
to ensure gauge invariance in Bach-flat backgrounds.8 Secondly, we proposed a family of
conformal non-gauge actions (7.5) in a generic gravitational background which generalise
the models for a conformal Weyl spinor and a self-dual two-form.
Thirdly, we constructed a supersymmetric extension of the pseudo-graviton model in
a Bach-flat background. It is described by the unconstrained gauge prepotential Υα(2)
in conjunction with a chiral spinor Ωα (and their conjugates). The latter is required to
ensure gauge invariance in Bach-flat backgrounds. We emphasise that this is the first
superconformal gauge model for which the introduction of a lower-spin supermultiplet
is necessary to restore gauge invariance. The superfield Υα(2) is a representative of the
new family of superconformal models proposed in this paper, which are described by
the prepotentials Υα(n). Similar to the model for the superconformal pseudo-graviton
multiplet, they may be lifted to Bach-flat backgrounds, which will be discussed elsewhere.
8Self-dual two-forms naturally occur in extended conformal supergravity theories, see e.g. [7].
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Fourthly, as a generalisation of the kinetic term for Ωα and Ω¯α˙, we proposed a family
of superconformal non-gauge models, described by eqs. (7.19) and (7.22), in generic
supergravity backgrounds. In particular, the corresponding equations of motion give rise
to new superconformal operators Πα(n) defined by (7.28).
Our model for the superconformal pseudo-graviton multiplet provides an example of
a universal pattern, that general CHS theories possess supersymmetric embeddings. This
gives the rationale to study SCHS theories as they may uncover interesting features of
non-supersymmetric CHS models. As an example, let us assume the existence of a gauge-
invariant model for the conformal spin-3 supermultiplet in a Bach-flat background and
see what can be deduced regarding its non-supersymmetric counterpart. The former is
described by the real prepotential Hα(2)α˙(2) which is a primary superfield of weight −2
with the gauge freedom
δζHα(2)α˙(2) = ∇¯(α˙1ζα(2)α˙2) −∇(α1 ζ¯α2)α˙(2) . (8.1)
This transformation law defines a reducible gauge theory (in the terminology of [40]) since
the unconstrained gauge parameter ζα(2)α˙ is defined modulo arbitrary local shifts
ζα(2)α˙ → ζ
′
α(2)α˙ = ζα(2)α˙ + ∇¯α˙σα(2) (8.2)
such that both parameters ζα(2)α˙ and ζ
′
α(2)α˙ generate the same transformation of the
prepotential, δζ′Hα(2)α˙(2) = δζHα(2)α˙(2).
A Wess-Zumino gauge may be chosen such that the only non-vanishing bosonic com-
ponent fields of Hα(2)α˙(2) are
hα(3)α˙(3) :=
1
2
[
∇(α1 , ∇¯(α˙1
]
Hα2α3)α˙2α˙3)| , (8.3a)
hα(2)α˙(2) :=
1
32
{
∇
2, ∇¯
2}
Hα(2)α˙(2)| . (8.3b)
The residual gauge freedom is given by
δℓhα(3)α˙(3) = ∇(α1(α˙1ℓα2α3)α˙2α˙3) , (8.4a)
δℓhα(2)α˙(2) = ∇(α1(α˙1ℓα2)α˙2) +
[
i
6
Cα(2)
β(2)ℓβ(2)α˙(2) + c.c.
]
. (8.4b)
Eq. (8.4a) is the standard gauge transformation of the conformal spin-3 field. Similarly,
the first term on the right of (8.4b) is the usual gauge transformation of the conformal
spin-2 field. However, the second term in (8.4b) is a new feature. Its presence means that
the spin-2 field also varies under the spin-3 gauge transformation.
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In principle, there is a possibility that the kinetic action for Hα(2)α˙(2) can be made
gauge invariant without introducing any extra supermultiplet. However, our analysis in
the main body of this paper indicates that, most likely, Hα(2)α˙(2) is to be accompanied by
a lower-spin supermultiplet in order to ensure gauge invariance of the action in Bach-flat
backgrounds. In addition, the results of [2,3] also indicate that for a consistent description
of the conformal spin-3 field in such backgrounds, it should be accompanied by a spin-1
gauge field which gets shifted under the spin-3 gauge transformation. Thus our theory
should involve a lower-spin supermultiplet containing a gauge vector field. There are only
two options for such a gauge prepotential: (i) a real scalar V ; and (ii) a real vector Hαα˙.
Now we will consider both of them in turn.
The gauge prepotential V is a primary superfield with weight 0 and describes a vector
multiplet. In addition to the standard gauge transformation
δλV = λ+ λ¯ , ∇¯α˙λ = 0 , (8.5a)
there is a unique entanglement with the gauge parameter ζα(2)α˙ of Hα(2)α˙(2), given by
δζV = 4i∇α
α˙W α(3)ζα(2)α˙ −∇αW
α(3)
∇¯
α˙
ζα(2)α˙ − 2iW
α(3)
∇α
α˙ζα(2)α˙
−
1
2
W α(3)∇α∇¯
α˙
ζα(2)α˙ + c.c. (8.5b)
The local shift (8.2) leaves the variation δζV + δλV invariant provided the parameter λ is
also shifted in the following way
λ→ λ′ = λ− ∇¯
2
(
∇αW
α(3)σα(2) +
1
2
W α(3)∇ασα(2)
)
. (8.6)
We choose a Wess-Zumino gauge such that the only bosonic fields of V are
hαα˙ =
[
∇α, ∇¯α˙
]
V | , D :=
1
32
{
∇
2, ∇¯
2}
V | . (8.7)
The auxiliary field D is irrelevant to our discussion. For the complete gauge transforma-
tion of hαα˙ we obtain
δℓhαα˙ = ∇αα˙ℓ+
2
3
[
Cα
β(3)∇β
β˙ℓβ(2)α˙β˙ − 3∇β
β˙Cα
β(3)ℓβ(2)α˙β˙ + c.c.
]
. (8.8)
The first term on the right of (8.8) is the standard gauge transformation of the spin-1 field.
The second term in (8.8) tells us that the spin-1 field also varies under the spin-3 gauge
transformation. The complete variation (8.8) is equivalent to the gauge transformation
law postulated by Grigoriev and Tseytlin [2].9
9Indeed, the overall coefficient of (8.5b) was chosen so that this is the case.
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Next, let us consider the case where a coupling between Hα(2)α˙(2) and a superconformal
spin-2 multiplet Hαα˙ is switched on. In addition to the standard law (B.29), the gauge
transformation of Hαα˙ may be entangled with the spin-3 gauge parameter in the following
way
δζHαα˙ = ∇¯α˙ζα −∇αζ¯α˙ +Wα
β(2)ζβ(2)α˙ − W¯α˙
β˙(2)ζ¯αβ˙(2) . (8.9)
The local shift (8.2) does not have any effect on δζHαα˙ provided the parameter ζα also
gets shifted as follows
ζα → ζ
′
α = ζα +Wα
β(2)σβ(2) . (8.10)
A Wess-Zumino gauge may also be constructed for the field Hαα˙ such that its only
non-vanishing bosonic component fields are
h˜α(2)α˙(2) :=
1
2
[
∇(α1 , ∇¯(α˙1
]
Hα2)α˙2)| , (8.11a)
h˜αα˙ :=
1
32
{
∇
2, ∇¯
2}
Hαα˙| , (8.11b)
with gauge transformation laws
δℓ,ℓ˜h˜α(2)α˙(2) = ∇(α1(α˙1 ℓ˜α2)α˙2) +
[
i
2
Cα(2)
β(2)ℓβ(2)α˙(2) + c.c.
]
, (8.12a)
δℓ,ℓ˜h˜αα˙ = ∇αα˙ℓ˜−
1
24
[
Cα
β(3)∇β
β˙ℓβ(2)β˙α˙ − 3∇β
β˙Cα
β(3)ℓβ(2)β˙α˙ + c.c.
]
(8.12b)
These transformations are analogous to (8.4b) and (8.8).
It is important to note that hα(2)α˙(2) and h˜α(2)α˙(2), defined by (8.3b) and (8.11a), de-
scribe two independent conformal spin-2 fields,10 both of which possess their own gauge
transformations and are shifted under spin-3 gauge transformations. However, upon per-
forming the field redefinitions
hα(2)α˙(2) = hα(2)α˙(2) −
1
3
h˜α(2)α˙(2) , h˜α(2)α˙(2) = hα(2)α˙(2) +
1
3
h˜α(2)α˙(2) , (8.13a)
λαα˙ = ℓαα˙ −
1
3
ℓ˜αα˙ , λ˜αα˙ = ℓαα˙ +
1
3
ℓ˜αα˙ , (8.13b)
the fields hα(2)α˙(2) and h˜α(2)α˙(2) transform according to
δλhα(2)α˙(2) = ∇(α1(α˙1λα2)α˙2) , (8.13c)
10This is reminiscent of the situation in section 6 where there were two non-gauge fields, ρα(2) and
Uα(2), of the same tensor type.
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δλ˜,ℓh˜α(2)α˙(2) = ∇(α1(α˙1 λ˜α2)α˙2) +
[
i
3
Cα(2)
β(2)ℓβ(2)α˙(2) + c.c.
]
. (8.13d)
In particular, we see that hα(2)α˙(2) transforms independently of the spin-3 gauge parameter
ℓα(2)α˙(2) and so it must decouple from the other fields in the action. Its presence is only
required by supersymmetry. As it is not possible to eliminate the shift transformation
present in (8.13d), h˜α(2)α˙(2) and the spin-3 field hα(3)α˙(3) cannot be decoupled.
The need for a vector field, which accompanies the spin-3 field and transforms ac-
cording to (8.8), was proposed in [2] and detailed calculations were carried out in [3].
However, the coupling between the spin-3 and spin-2 fields, described by (8.13d), was
not considered. Existence of the gauge invariant supersymmetric model dictates that any
gauge invariant model of the non-supersymmetric conformal spin-3 field must necessarily
possess this coupling. Similar considerations regarding the fermionic component fields
of Hα(2)α˙(2), Hαα˙ and V also allows us to conclude that a gauge invariant model of the
conformal spin-5/2 field must necessarily include a coupling between the spin-5/2 field,
the conformal gravitino and/or the conformal Weyl spinor.
The analyses in [2, 3] were based on the use of the interacting bosonic CHS theory
sketched in [41] and fully developed by Segal [42] (see also [43–45] for more recent related
studies). This theory involves a single instance of each conformal spin-s field hα(s)α˙(s) (with
s = 1, 2 . . . ). There also exists a superconformal scenario briefly discussed in [8], which
involves a single instance of each gauge supermultiplet Hα(s)α˙(s) (with s = 0, 1 . . . ). At
the component level, such a superconformal theory contains two copies of each conformal
spin-s gauge field hα(s)α˙(s). This is exactly the situation in our analysis above.
In our analysis of supersymmetric models, we made extensive use of the conformal
superspace formalism. While this is a powerful framework for the construction of primary
structures, there are various issues which can make its application to higher-derivative
field theories cumbersome. In particular, when working with a given functional, it is
not always possible to freely integrate by parts or move between chiral and superspace
integrals. To circumvent these issues and study more interesting models it is necessary
for this formalism to be further developed. For example, a proof of the supersymmetric
integration by parts rule proposed in (B.12), as well as a procedure to construct new
conformal invariants from existing ones would produce a wealth of applications.
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A N = 1 conformal superspace in four dimensions
This appendix reviews the conformal superspace approach developed by Butter [13].
A.1 Conformal superspace
We consider a curved N = 1 superspaceM4|4 parametrised by local coordinates zM =
(xm, θµ, θ¯µ˙). The structure group is chosen to be SU(2, 2|1) (the N = 1 superconformal
group) and thus the covariant derivatives ∇A = (∇a,∇α, ∇¯
α˙
) take the form
∇A = EA
M∂M −
1
2
ΩA
bcMbc − iΦAY −BAD− FA
BKB
= EA
M∂M − ΩA
βγMβγ − Ω¯A
β˙γ˙M¯β˙γ˙ − iΦAY −BAD− FA
BKB . (A.1)
Where ΩA
bc denotes the Lorentz connection, ΦA the U(1)R connection, BA the dilatation
connection, and FA
B the special superconformal connection.
The conformal supergravity gauge group includes local K-transformations of the form
δK∇A =
[
K,∇A
]
, K = ξB∇B +K
βγMβγ + K¯
β˙γ˙M¯β˙γ˙ + iρY + ΣD + Λ
BKB . (A.2)
Here the gauge parameter K incorporates several parameters describing the general coor-
dinate (ξB), local Lorentz (Kβγ and K¯ β˙γ˙), chiral (ρ), scaling (Σ), and special supercon-
formal (ΛB) transformations. Given a tensor superfield T (with indices suppressed), its
K-transformation law is
δKT = KT . (A.3)
Below we list the graded commutation relations for the N = 1 superconformal al-
gebra su(2, 2|1) following the conventions adopted in [46, 47], keeping in mind that (i)
the translation generators PA = (Pa, Qα, Q¯
α˙) are replaced with ∇A; and (ii) the graded
commutator [∇A,∇B} differs to that obtained from [PA, PB} by torsion and curvature
dependent terms,
[∇A,∇B} = −TAB
C
∇C −
1
2
RAB
cd(M)Mcd − iRAB(Y )Y −RAB(D)D
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−RAB
C(K)KC . (A.4)
The Lorentz generators act on vectors and Weyl spinors as follows:
MabVc = 2ηc[aVb] , Mαβψγ = εγ(αψβ) , M¯α˙β˙ψ¯γ˙ = εγ˙(α˙ψ¯β˙) . (A.5a)
The U(1)R and dilatation generators obey
[Y,∇α] =∇α , [Y, ∇¯
α˙
] = −∇¯
α˙
, (A.5b)
[D,∇a] =∇a , [D,∇α] =
1
2
∇α , [D, ∇¯
α˙
] =
1
2
∇¯
α˙
. (A.5c)
The special superconformal generators KA = (Ka, Sα, S¯α˙) carry opposite U(1)R and di-
latation weight to ∇A:
[Y, Sα] = −Sα , [Y, S¯α˙] = S¯α˙ , (A.5d)
[D, Ka] = −Ka , [D, S
α] = −
1
2
Sα , [D, S¯α˙] = −
1
2
S¯α˙ . (A.5e)
Among themselves, these obey the algebra
{Sα, S¯α˙} = 2iKαα˙ , (A.5f)
with all the other (anti-)commutators vanishing. Finally, the algebra of KA and∇B takes
the form
[Kαα˙,∇ββ˙] = 4
(
εα˙β˙Mαβ + εαβM¯α˙β˙ − εαβεα˙β˙D
)
, (A.5g)
{Sα,∇β} = εαβ
(
2D− 3Y
)
− 4Mαβ , (A.5h)
{S¯α˙, ∇¯β˙} = −εα˙β˙
(
2D+ 3Y ) + 4M¯α˙β˙ , (A.5i)
[Kαα˙,∇β] = −2iεαβS¯α˙ , [Kαα˙, ∇¯β˙] = 2iεα˙β˙Sα , (A.5j)
[Sα,∇ββ˙] = 2iεαβ∇¯β˙ , [S¯α˙,∇ββ˙ ] = −2iεα˙β˙∇β , (A.5k)
where all other graded commutators vanish.
The structure of this algebra leads to highly non-trivial implications. In particular,
we consider a primary superfield Ψ (with indices suppressed), KBΨ = 0. Its dimension ∆
and U(1)R charge q are defined as DΨ = ∆Ψ and YΨ = qΨ. Given a primary covariantly
chiral superfield φα(n), its U(1)R charge is determined in terms of its dimension,
KBφα(n) = 0 , ∇¯β˙φα(n) = 0 =⇒ q = −
2
3
∆ . (A.6)
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In conformal superspace, the torsion and curvature tensors in (A.4) are subject to
covariant constraints such that [∇A,∇B} is expressed in terms of the super Weyl tensor
Wαβγ =W(αβγ), its conjugate W¯α˙β˙γ˙ and their covariant derivatives. The latter is a primary
chiral superfield of dimension 3/2,
KBWαβγ = 0 , ∇¯β˙Wαβγ = 0 , DWαβγ =
3
2
Wαβγ . (A.7)
The solutions to the constraints are given by
{∇α,∇β} = 0 , {∇¯α˙, ∇¯β˙} = 0 , {∇α, ∇¯α˙} = −2i∇αα˙ , (A.8a)[
∇α,∇ββ˙
]
= iεαβ
(
2W¯β˙
γ˙δ˙M¯γ˙δ˙ −
1
2
∇¯
α˙
W¯α˙β˙γ˙S¯
γ˙ +
1
2
∇
γα˙W¯α˙β˙
γ˙Kγγ˙
)
, (A.8b)
[
∇¯α˙,∇ββ˙
]
= −iεα˙β˙
(
2Wβ
γδMγδ +
1
2
∇
αWαβγS
γ +
1
2
∇
αγ˙Wαβ
γKγγ˙
)
, (A.8c)
which lead to[
∇αα˙,∇ββ˙
]
= εα˙β˙ψαβ + εαβψ¯α˙β˙ , (A.8d)
ψαβ = Wαβ
γ
∇γ +∇
γWαβ
δMγδ −
1
8
∇
2WαβγS
γ +
i
2
∇
γγ˙WαβγS¯γ˙
+
1
4
∇
γδ˙
∇(αWβ)γ
δKδδ˙ +
1
2
∇
γWαβγD−
3
4
∇
γWαβγY , (A.8e)
ψ¯α˙β˙ = −W¯α˙β˙
γ˙
∇¯γ˙ − ∇¯
γ˙
W¯α˙β˙
δ˙M¯γ˙δ˙ +
1
8
∇¯
2
W¯α˙β˙γ˙S¯
γ˙ +
i
2
∇
γγ˙W¯α˙β˙γ˙Sγ
−
1
4
∇
δγ˙
∇¯(α˙W¯β˙)γ˙
δ˙Kδδ˙ −
1
2
∇¯
γ˙
W¯α˙β˙γ˙D−
3
4
∇¯
γ˙
W¯α˙β˙γ˙Y . (A.8f)
We also find that Wαβγ obeys the Bianchi identity
Bαα˙ := i∇
β
α˙∇
γWαβγ = i∇α
β˙
∇¯
γ˙
W¯α˙β˙γ˙ = B¯αα˙ , (A.9)
where the superfield Bαα˙ is the N = 1 supersymmetric generalisation of the Bach tensor
introduced in [48] (see also [8]). One may check that Bαα˙ is primary with weight 3,
KBBαα˙ = 0 , DBαα˙ = 3Bαα˙ , (A.10)
and obeys the conservation equation
∇
αBαα˙ = 0 ⇐⇒ ∇¯
α˙
Bαα˙ = 0 . (A.11)
The super-Bach tensor defined by eq. (A.9) naturally originates (see [19, 48] for the
technical details) as a functional derivative of the conformal supergravity action11 [49,50],
ICSG =
∫
d4x d2θ EW αβγWαβγ + c.c. , (A.12)
11In Minkowski superspace, the linearised action for conformal supergravity was constructed by Ferrara
and Zumino [23].
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with respect to the gravitational superfield Hαα˙ [49]. Specifically,
δ
∫
d4xd2θ EW αβγWαβγ =
∫
d4xd2θd2θ¯ E∆Hαα˙Bαα˙ , (A.13)
where E denotes the chiral integration measure, and ∆Hαα˙ the covariant variation of the
gravitational superfield defined in [51]. The conservation equation (A.11) expresses the
gauge invariance of the conformal supergravity action.
A.2 Degauging to the U(1) superspace geometry
It is well known that U(1) superspace is a gauge-fixed version of the conformal su-
perspace geometry described in the previous subsection. Here, we briefly outline the
procedure to ‘degauge’ from the latter to the former.
According to (A.2), under an infinitesimal special superconformal gauge transforma-
tion K = ΛBKB, the covariant derivative transforms as follows
δK∇A
∣∣
D
= 2(−1)AΛA =⇒ δKBA = −2(−1)
AΛA . (A.14)
Thus, it is possible to construct a gauge where the dilatation connection vanishes BA = 0.
Associated with this is a loss of unconstrained special superconformal gauge freedom.12 As
a result, the corresponding connection becomes auxiliary and must be manually extracted
from ∇A,
∇A = DA − FA
BKB , (A.15)
where
Dαα˙ = Dαα˙ +
i
2
Gβα˙Mαβ −
i
2
Gα
β˙M¯α˙β˙ −
3i
4
Gαα˙Y , (A.16a)
Dα = Dα , D¯
α˙ = D¯α˙ , (A.16b)
and DA is the U(1) superspace covariant derivative13
DA = EA
M∂M −
1
2
ΩˆA
bcMbc − i ΦˆAY
= EA
M∂M − ΩˆA
βγMβγ −
ˆ¯ΩA
β˙γ˙M¯β˙γ˙ − i ΦˆAY . (A.17)
12There is class of residual gauge transformations preserving the gauge BA = 0. These generate the
super-Weyl transformations of U(1) superspace; see the next section.
13We attach a hat to each connection superfield, except for the supervielbein, to distinguish them from
their cousins residing in the conformal covariant derivative (A.1).
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It should also be noted that the super-Weyl tensor Wαβγ satisfies the new covariant
chirality constraint
D¯α˙Wαβγ =
(
∇¯α˙ + F¯α˙
BKB
)
Wαβγ = 0 . (A.18)
The next step is to relate the superfields FA
B to the torsion superfields of U(1) super-
space. To do this, it is necessary to make use of the result
[∇A,∇B} = [DA,DB} −
(
DAFB
C − (−1)ABDBFA
C
)
KC − FA
C [KC ,∇B}
+(−1)ABFB
C [KC ,∇A}+ (−1)
BCFA
CFB
D[KD, KC} , (A.19)
which makes it possible to solve for FAB by making use of the defining constraints of U(1)
superspace [10] in addition to (A.8). We will not provide a detailed analysis for this step
and instead refer the reader to the proof in [13]. The result is:
Fαβ = −
1
2
εαβR¯ , F¯α˙β˙ =
1
2
εα˙β˙R , Fαβ˙ = −
1
4
Gαβ˙ , F¯α˙β =
1
4
Gβα˙ , (A.20a)
Fα,ββ˙ = −
i
4
DαGββ˙ −
i
6
εαβX¯β˙ , F¯α˙,ββ˙ =
i
4
D¯α˙Gββ˙ +
i
6
εα˙β˙Xβ , (A.20b)
Fββ˙,α =
i
4
DαGββ˙ +
i
6
εαβX¯β˙ , Fββ˙,α˙ = −
i
4
D¯α˙Gββ˙ −
i
6
εα˙β˙Xβ , (A.20c)
Fαα˙,ββ˙ = −
1
8
[
Dα, D¯α˙
]
Gββ˙ −
1
12
εα˙β˙DαXβ +
1
12
εαβD¯α˙X¯β˙ +
1
2
εαβεα˙β˙R¯R
+
1
8
Gαβ˙Gβα˙ , (A.20d)
where R and Xα are complex chiral
D¯α˙R = 0 , D¯α˙Xα = 0 , (A.21)
while Gαα˙ is a real vector superfield. These are related through the Bianchi identity
Xα = DαR− D¯
α˙Gαα˙ . (A.22)
We find that the algebra obeyed by the U(1) covariant derivatives takes the form:
{Dα,Dβ} = −4R¯Mαβ , {D¯α˙, D¯β˙} = 4RM¯α˙β˙ , (A.23a)
{Dα, D¯α˙} = −2iDαα˙ , (A.23b)[
Dα,Dββ˙
]
= iεαβ
(
R¯ D¯β˙ +G
γ
β˙Dγ − (D
γGδβ˙)Mγδ + 2W¯β˙
γ˙δ˙M¯γ˙δ˙
)
+i(D¯β˙R¯)Mαβ −
i
3
εαβX¯
γ˙M¯γ˙β˙ −
i
2
εαβX¯β˙Y , (A.23c)
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[
D¯α˙,Dββ˙
]
= −iεα˙β˙
(
RDβ +Gβ
γ˙D¯γ˙ − (D¯
γ˙Gβ
δ˙)M¯γ˙δ˙ + 2Wβ
γδMγδ
)
−i(DβR)M¯α˙β˙ +
i
3
εα˙β˙X
γMγβ −
i
2
εα˙β˙XβY , (A.23d)
which lead to
[
Dαα˙,Dββ˙
]
= εαβψ¯α˙β˙ + εα˙β˙ψαβ , (A.23e)
ψαβ = −iG(α
γ˙Dβ)γ˙ +
1
2
D(αRDβ) +
1
2
D(αGβ)
γ˙D¯γ˙ +Wαβ
γDγ
+
1
6
X(αDβ) +
1
4
(D2 − 8R)R¯Mαβ +D(αWβ)
γδMγδ
−
1
6
D(αX
γMβ)γ −
1
2
D(αD¯
γ˙Gβ)
δ˙M¯γ˙δ˙ +
1
4
D(αXβ)Y , (A.23f)
ψ¯α˙β˙ = iG
γ
(α˙Dγβ˙) −
1
2
D¯(α˙R¯D¯β˙) −
1
2
D¯(α˙G
γ
β˙)Dγ − W¯α˙β˙
γ˙D¯γ˙
−
1
6
X¯(α˙D¯β˙) +
1
4
(D¯2 − 8R¯)RM¯α˙β˙ − D¯(α˙W¯β˙)
γ˙δ˙M¯γ˙δ˙
+
1
6
D¯(α˙X¯
γ˙M¯β˙)γ˙ +
1
2
D¯(α˙D
γGδβ˙)Mγδ +
1
4
D¯(α˙X¯β˙)Y . (A.23g)
Additionally, we obtain the following Bianchi identites:
DαXα = D¯α˙X¯
α˙ , (A.24a)
DγWαβγ = iD(α
γ˙Gβ)γ˙ −
1
3
D(αXβ) . (A.24b)
This is precisely the U(1) superspace geometry [10, 11] in the form described in [9, 52].
Let us also briefly comment on the structure of the degauged Bach tensor. It is an
instructive exercise to verify that it takes the form
Bαα˙ = iD
β
α˙D
γWαβγ +Gβα˙DγWα
βγ +DβGγα˙Wα
βγ
= iDα
β˙D¯γ˙W¯α˙β˙γ˙ −Gαβ˙D¯γ˙W¯α˙
β˙γ˙ − D¯β˙Gαγ˙W¯α˙
β˙γ˙ . (A.25)
Finally, one can also show that it also obeys the conservation equations
DαBαα˙ = 0 , D¯
α˙Bαα˙ = 0 . (A.26)
A.3 The super-Weyl transformations of U(1) superspace
In the previous subsection we made use of the special conformal gauge freedom to
degauge from conformal to U(1) superspace. The local dilatation symmetry turns into
super-Weyl transformations.
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To preserve the gauge BA = 0, every local dilatation transformation with parameter
Σ has to be accompanied by a compensating special conformal one, ΛB(Σ), such that
[ΛB(Σ)KB + ΣD ,∇A]
∣∣
D
= 0 . (A.27)
We then arrive at the following constraints
Λα(Σ) = −
1
2
∇αΣ , Λa(Σ) =
1
2
∇aΣ . (A.28)
As a result, we define the following transformation
δΣ∇A = δΣDA − δΣFA
BKB = [Λ
B(Σ)KB + ΣD ,∇A] . (A.29)
By making use of (A.16) and (A.20), we arrive at the following transformation laws
for the U(1) superspace covariant derivatives
δΣDα =
1
2
ΣDα + 2D
βΣMβα −
3
2
DαΣY , (A.30a)
δΣD¯α˙ =
1
2
ΣD¯α˙ + 2D¯
β˙ΣM¯β˙α˙ +
3
2
D¯α˙ΣY , (A.30b)
δΣDαα˙ = ΣDαα˙ + iDαΣD¯α˙ + iD¯α˙ΣDα + iD¯α˙D
βΣMβα
+iDαD¯
β˙ΣM¯β˙α˙ +
3
4
i
[
Dα, D¯α˙
]
ΣY , (A.30c)
while the torsion superfields arising from FA
B transform as follows
δΣR = ΣR +
1
2
D¯2Σ , (A.31a)
δΣGαα˙ = ΣGαα˙ + [Dα, D¯α˙]Σ , (A.31b)
δΣXα =
3
2
ΣXα −
3
2
(D¯2 − 4R)DαΣ . (A.31c)
Finally, as the super-Weyl tensor is covariant in conformal superspace, its transformation
law is readily obtained via
δΣWαβγ =
(
ΛB(Σ)KB + ΣD
)
Wαβγ =
3
2
ΣWαβγ . (A.31d)
We find that the relations (A.30) and (A.31) exactly reproduce the U(1) superspace
super-Weyl transformations [9, 11, 52].
B Technical issues in conformal (super)space
In this appendix we elaborate on various technical aspects of conformal (super)space
which were alluded to in the main body.
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B.1 Integration by parts in conformal space
Consider a functional of the form (2.5). The properties of the Lagrangian L mean
that I is invariant under the full gauge group of conformal gravity. Let us further suppose
that L takes the form
L = gJAJ(h) (B.1)
where gJ and hJ are complex primary fields with abstract index structure and A is a linear
differential operator such that AJ(h) ≡ AJ IhI is also primary. We define the transpose
of the operator A by∫
d4x e gJAJ(h) =
∫
d4x e hJATJ (g) +
∫
d4x eΩ (B.2)
where Ω is a total conformal derivative and may be written as Ω = ∇aV a for some
composite vector field V a = V a(g, h) with Weyl weight 3. The first term on the right
hand side of (B.2) is the result of integrating the left hand side by parts in the usual way.
In general we cannot conclude that the second term on the right hand side of (B.2)
vanishes. However, under the condition that ATJ (g) is primary then Ω must also be
primary. It follows that
0 = KaΩ = [Ka,∇b]V
b +∇bKaVb = ∇
bKaVb . (B.3)
It is clear that the condition ∇bKaVb = 0 is satisfied if Va is primary. What is not so
clear is that any solution Va to this equation is necessarily primary. However, for all cases
known to us this is true, and we shall make this assumption in what follows.
Since the Lagrangian in (2.5) is primary, all dependence on the dilatation connection
ba drops out. This means that the conformal covariant derivative takes the form
∇a = Da − fa
bKb (B.4)
where Da = ea
m∂m −
1
2
ωa
bcMbc is the torsion-free Lorentz covariant derivative. Conse-
quently, the total conformal derivative arising in (B.2) vanishes,∫
d4x eΩ =
∫
d4x e
(
DaVa − f
abKbVa
)
= 0 , (B.5)
where we have ignored the total derivative arising from Da and used that Va is primary.
Therefore, we arrive at the following rule for integration by parts:∫
d4x e gJAJ(h) =
∫
d4x e hJATJ (g) (B.6)
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if KagI = KahI = Ka
(
AI(h)
)
= Ka
(
ATI (g)
)
= 0.
We note that the special conformal symmetry allows for one to impose the gauge condi-
tion ba = 0, whereupon the conformal covariant derivative assumes the form (B.4). In this
gauge, it may be shown that the special conformal connection is completely determined
by the curvature of the Lorentz covariant derivative Da,
fab =
1
4
(
Rab −
1
6
ηabR
)
. (B.7)
In two component spinor notation it is easier to work with the traceless part of the Ricci
tensor, Rαβα˙β˙ := (σ
a)αα˙(σ
b)ββ˙
(
Rab −
1
4
ηabR
)
= R(αβ)(α˙β˙). For more details on degauging
we refer the reader to [15] (see also [5]).
B.2 Integration by parts in conformal superspace
Integration by parts in conformal superspace is more complicated than in the non-
supersymmetric case. This is because the superfield counterpart V A = (V a, V α, U¯α˙) of
the vector field V a in (B.2) is generally not primary and the argument given in the previous
section breaks down.
To see this, we consider an integral of the form
I =
∫
d4|4z E L+ c.c. , DL = 2L , Y L = 0 , KAL = 0 (B.8)
and suppose that L takes the form L = gJAJ(h) with the analogous properties. Any total
superconformal derivative which arises in moving to the transposed operator AT may be
expressed as
ITotal =
∫
d4|4z E Ω+ c.c. , Ω =∇AV
A = −
1
2
∇αα˙V
αα˙ +∇αV
α + ∇¯
α˙
U¯α˙ (B.9)
for some set of complex composite superfields V A = V A(g, h) whose weight and charge
may be deduced from (B.8).
Once again, if ATJ (g) is primary then so too is Ω; KAΩ = 0. This means that all
dependence on the dilatation connection BA vanishes and the superconformal covariant
derivative takes the form14 (A.15) where the FA
B are given by (A.20). Since we can always
ignore total U(1) derivatives DA (and will do so liberally in the sequel), the integral (B.9)
is equivalent to
ITotal = −
∫
d4|4z E FA
BKBV
A + c.c. (B.10)
14This is equivalent to imposing the gauge BA = 0 and degauging to U(1) superspace.
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Unfortunately we are not able to argue, in a fashion similar to the previous section,
that (B.10) vanishes on account of V A being primary. This is because V A is generally not
primary. The argument given in the non-supersymmetric case has no merit here because
the condition KAΩ = 0 yields three constraints on the components of V
A
0 = i∇¯
α˙
Vαα˙ + (−1)
εB∇BSαV
B , (B.11a)
0 = i∇αVαα˙ − (−1)
εB∇BS¯α˙V
B , (B.11b)
0 = 2iS¯α˙Vα + 2iSαU¯α˙ + 4Vαα˙ −∇BKαα˙V
B , (B.11c)
from which it cannot be concluded that V A is primary.
Despite this we still believe that an integration by parts rule similar to (B.6) exists
which allows us to conclude that (B.10) vanishes. In the spirit of the non-supersymmetric
case, we propose the following rule:∫
d4|4z E gJAJ(h) =
∫
d4|4z E hJATJ (g) (B.12)
if KAgI = KAhI = KA
(
AI(h)
)
= KA
(
ATI (g)
)
= 0.
We would now like to give two examples, originating from the superconformal grav-
itino model presented in section 5, where the above conditions are met and non-trivial
cancellations ensure that the corresponding total derivatives vanish and (B.12) holds.
B.2.1 Example 1
As our first example, we take a closer look at the total derivative which arises when
proving the relation (5.6). By construction, the left hand side of (5.6) is primary and so
too is the second line on the right hand side (here J(2) is the conjugate transpose of J(1)).
Thus the conditions of the rule (B.12) are met.
It remains to show that the corresponding total derivative, which may be expressed
in the form (B.10) with
V α = 2iΥγ∇γγ˙W
αγ(2)Υ¯γ˙ − 2iΥγW
αγ(2)
∇γγ˙Υ¯
γ˙ −Υγ∇γW
αγ(2)
∇¯γ˙Υ¯
γ˙ , (B.13a)
U¯α˙ = −∇γΥγ∇γW
γ(3)Υ¯α˙ , (B.13b)
V αα˙ = −4i∇γΥγW
αγ(2)Υ¯α˙ , (B.13c)
vanishes. In this case it turns out that Vαα˙ is primary and hence ∇αα˙V
αα˙ ≈ 0, but
the same is not true of the spinor components. Indeed, using (A.15) one can show that
modulo a total U(1) derivative we have
∇¯
α˙
U¯α˙ = Gα
α˙
∇γΥγW
αγ(2)Υ¯α˙ , (B.14a)
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∇αV
α = DγGα
α˙ΥγW
αγ(2)Υ¯α˙ −Gα
α˙Υγ∇γW
αγ(2)Υ¯α˙ +Gα
α˙ΥγW
αγ(2)
∇γΥ¯α˙ . (B.14b)
Since both Wα(3) and Υα are annihilated by KA, we can use (A.15) to replace each
occurrence of ∇γ on the right hand side of (B.14) with Dγ. Consequently, the total
superconformal derivative reduces to a total U(1) derivative
∫
d4|4z E Ω =
∫
d4|4z EDγ
(
Gα
α˙ΥγW
αγ(2)Υ¯α˙
)
= 0 . (B.15)
B.2.2 Example 2
Our next example is less trivial than the last, and concerns the total derivative which
arises when computing the ζ gauge variation (5.3a) of the gravitino skeleton. Under a ζ
gauge transformation, the skeleton has the transformation law
δζS
(1)
skeleton = i
∫
d4|4z E
{
∇
αδζΥ
αWˇα(2)(Υ¯) +∇
αΥαWˇα(2)(δζΥ¯)
}
+ c.c. (B.16a)
= i
∫
d4|4z E
{
∇
αδζΥ
αWˇα(2)(Υ¯)−
1
4
δζΥ¯
α˙
∇
α
∇α˙
β
∇¯
2
∇(αΥβ)
}
+ c.c. (B.16b)
It may be checked that the second term on the right hand side of (B.16b) is primary, and
so the conditions of the rule (B.12) are met. In this case, the total derivative which arises
in moving from (B.16a) to (B.16b) takes the form (B.9) with
V α = −
i
4
ψ¯β˙∇ββ˙∇¯
2
∇
(αΥβ) , (B.17a)
U¯α˙ =
i
4
∇ββ˙∇αψ¯
β˙
∇¯α˙∇
(αΥβ) −
i
4
∇¯α˙∇ββ˙∇αψ¯
β˙
∇
(αΥβ) , (B.17b)
V αα˙ = −
i
2
∇βψ¯
α˙
∇¯
2
∇
(αΥβ) , (B.17c)
where ψ¯α˙ := δζΥ¯α˙. Once again Vαα˙ turns out to be primary (this is not the case for, e.g.,
the psuedo-graviton multiplet) and so ∇αα˙V
αα˙ ≈ 0. On the otherhand, modulo a total
U(1) derivative, the spinor parts of Ω may be shown to take the form
∇¯
α˙
U¯α˙ =
1
8
Gαα˙∇¯β˙∇βψ¯
β˙
∇¯
α˙
∇
(αΥβ) +
1
8
D¯β˙Gαα˙∇βψ¯
α˙
∇¯
β˙
∇
(αΥβ)
−
1
8
D¯β˙Gαα˙∇¯
α˙
∇βψ¯
β˙
∇
(αΥβ) −
1
16
Gαα˙∇¯
2
∇βψ¯
α˙
∇
(αΥβ)
−
1
12
Xα∇βψ¯
α˙
∇¯α˙∇
(αΥβ) −
1
12
Xα∇¯α˙∇βψ¯
α˙
∇
(αΥβ) , (B.18a)
∇αV
α =
1
8
Gαα˙∇βψ¯
α˙
∇¯
2
∇
(αΥβ) . (B.18b)
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The next step is to make use of (A.15) and the fact that both ∇αψ¯α˙ and ∇(αΥβ) are
primary to rewrite (B.18) as
∇¯
α˙
U¯α˙ =
1
8
Gαα˙D¯β˙Dβψ¯
β˙D¯α˙D(αΥβ) +
1
8
D¯β˙Gαα˙Dβψ¯
α˙D¯β˙D(αΥβ)
−
1
8
D¯β˙Gαα˙D¯
α˙Dβψ¯
β˙D(αΥβ) −
1
16
Gαα˙
(
D¯2 − 4R
)
Dβψ¯
α˙D(αΥβ)
−
1
12
XαDβψ¯
α˙D¯α˙D
(αΥβ) −
1
12
XαD¯α˙Dβψ¯
α˙D(αΥβ) , (B.19a)
∇αV
α =
1
8
Gαα˙Dβψ¯
α˙
(
D¯2 − 4R
)
D(αΥβ) . (B.19b)
Now that everything is in terms of the U(1) covariant derivative we may freely integrate by
parts. By making use of the algebra (A.23), the identity D¯2Gαα˙ = 6Gαα˙R− 4iDαα˙R and
the Bianchi identity (A.22) one may show, modulo a total U(1) derivative, that (B.19a)
and (B.19b) are given by
∇¯
α˙
U¯α˙ = −
1
4
Gαα˙RDβψ¯
α˙D(αΥβ) +
i
2
Dαα˙RDβψ¯
α˙D(αΥβ)
−
1
4
D¯β˙Gαα˙D¯
β˙Dβψ¯
α˙D(αΥβ) −
1
8
Gαα˙D¯
2Dβψ¯
α˙D(αΥβ) , (B.20)
∇αV
α = −∇¯
α˙
U¯α˙ . (B.21)
Hence Ω ≈ 0 and the total conformal derivative has been reduced to a total U(1) derivative.
B.3 There and back again: the chiral and full superspaces
Here we will investigate some subtleties associated with integrals defined over the
chiral subspace. In particular, a careless application of the usual formulae from the GWZ
or U(1) geometries can lead to inconsistencies. To begin with, let make general remarks.
Consider the following (locally) superconformal integral defined over the chiral sub-
space
J = −
1
4
∫
d4xd2θ E ∇¯
2
U , DU = 2U , Y U = 0 , KA∇¯
2
U = 0 , (B.22)
where U is some composite superfield. Once again, we emphasise that since the integrand
is primary, all dependence on BA drops out, allowing us to make use of (A.15). Naively,
we might expect that this integral may be uplifted to the full superspace by simply
extracting the chiral projector, however this fails in general. An obvious justification
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for this is because the full superspace integral can only be superconformal if U itself is
primary, thus we postulate the following rule
J = −
1
4
∫
d4xd2θ E ∇¯
2
U =
∫
d4|4z E U ⇐⇒ KAU = 0 . (B.23)
We note that if this chiral integration rule works for the superconformal integral J , then
the requirement that U must be primary trivially follows.
On the other hand, if we assume that U is primary, then we may make use of the
identity
−
1
4
∇¯
2
U = −
1
4
(D¯2 − 4R)U , (B.24)
along with the U(1) superspace chiral integration rule to prove (B.23),
−
1
4
∫
d4xd2θ E ∇¯
2
U = −
1
4
∫
d4xd2θ E (D¯2 − 4R)U =
∫
d4|4z E U . (B.25)
Thus we have demonstrated the validity of the rule (B.23).
Having devised a rule valid for the case when U is primary, we are now equipped to
study its implications for the models studied in this paper. We recall that the SCHS
actions (4.5) are formulated in terms of two chiral primary superfields (4.3); the N = 1
higher-spin super-Weyl tensors. As a consequence, there are two obvious forms in which
this integral may be presented to resemble (B.22)
S
(n)
Skeleton = −
in
4
∫
d4xd2θ E ∇¯
2
[
Wˆα(n+1)(Υ)∇α1
β˙1 · · ·∇αn
β˙n∇αn+1Υ¯β˙(n)
]
+ c.c. (B.26a)
= −
in
4
∫
d4xd2θ E ∇¯
2
[
∇
α1Υα2...αn+1Wˇα(n+1)(Υ¯)
]
+ c.c. (B.26b)
A subtle difference between these two expressions is that our chiral integration rule is
valid only for the latter since
KA∇(α1
β˙1 · · ·∇αn
β˙n∇αn+1)Υ¯β˙(n) 6= 0 , KA∇
(α1Υα2...αn+1) = 0 . (B.27)
At this point, we have deduced that there is a single correct pathway to lifting these
actions. Unfortunately, when the background superspace is not conformally flat, this
introduces some complications in the analysis of chiral gauge transformations. These are
given by
δλS
(n)
Skeleton = −
in
4
∫
d4xd2θ E [∇¯
2
,∇α1 ]λα2...αn+1Wˇα(n+1)(Υ¯) + c.c.
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= −
nin
2
∫
d4xd2θ E ∇¯
2
[
W α(2)βλ
βα(n−1)
∇α1
β˙1 · · ·∇αn
β˙n∇αn+1Υ¯β˙(n)
]
+c.c. (B.28)
which cannot be trivially lifted. It is not obvious if this variation may be written in a form
explicitly dependent on the super-Weyl tensor when integrating over the full superspace
(given that one can not carelessly integrate by parts). Hence, the chiral gauge variation of
any non-minimal sector must be reduced to the chiral subspace in order to compare them
with that of the skeleton - see section 5 for an in depth calculation for the n = 1 case.
Fortunately, the ζ gauge transformations do not suffer from such issues and the relevant
calculations may be performed in the usual manner; within the full superspace.
The approach outlined above is crucial in analysing the class of models described by
Υα(n). However, it proves to be difficult to implement this procedure for the broader set
of models described by the prepotential Υα(n)α˙(m), with n ≥ m > 0. The latter were
introduced in [5] (see also [8]) and are defined modulo the gauge transformations
δΛ,ζΥα(n)α˙(m) = ∇¯(α˙1Λα(n)α˙2...α˙m) +∇(α1ζα2...αn)α˙(m) . (B.29)
The skeleton actions for these models take the form
S
(n,m)
Skeleton = i
m+n
∫
d4xd2θ E Wˆα(m+n+1)(Υ)Wˇα(m+n+1)(Υ¯) + c.c. , (B.30)
where we have defined the following chiral field strengths
Wˆα(m+n+1)(Υ) := −
1
4
∇¯
2
∇(α1
β˙1 · · ·∇αm
β˙m∇αm+1Υαm+2...αm+n+1)β˙(m) (B.31a)
Wˇα(m+n+1)(Υ¯) := −
1
4
∇¯
2
∇(α1
β˙1 · · ·∇αn
β˙n∇αn+1Υ¯αn+2...αm+n+1)β˙(n) . (B.31b)
It is not possible to trivially lift these actions to the full superspace. Instead, it is simpler
to take an alternative approach and to make use of the following equivalent action
S
(n,m)
Skeleton = −(−i)
m+n+1
∫
d4|4z EΥα(n)α˙(m)Bˇα(n)α˙(m)(Υ¯) + c.c. , (B.32a)
= −(−i)m+n+1
∫
d4|4z E Υ¯α(m)α˙(n)Bˆα(m)α˙(n)(Υ) + c.c. (B.32b)
Here Bˇα(n)α˙(m) and Bˇα(m)α˙(n) are the linearised high-spin super-Bach tensors,
Bˇα(n)α˙(m)(Υ¯) = i∇
β1
(α˙1 . . .∇
βm
α˙m)∇
βm+1Wˇβ(m+1)α(n)(Υ¯) , (B.33a)
Bˆα(m)α˙(n)(Υ) = i∇
β1
(α˙1 . . .∇
βn
α˙n)∇
βn+1Wˇβ(n+1)α(m)(Υ) . (B.33b)
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which prove to be primary
KBBˇα(n)α˙(m)(Υ¯) = 0 , KBBˆα(m)α˙(n)(Υ) = 0 . (B.34)
Under the gauge transformations (B.29), the variation of the skeletons are given by
δΛ,ζS
(n,m)
Skeleton = i
m+n
∫
d4|4z E
{
ζα(n−1)α˙(m)∇βBˇβα(n−1)α˙(m)(Υ¯)
+ Λ¯α(m)α˙(n−1)∇¯
β˙
Bˆα(m)β˙α˙(n−1)(Υ)
}
+ c.c. (B.35)
If we restrict the background superspace to be conformally flat
Wαβγ = 0 , (B.36)
we find that these tensors are divergenceless
∇
βBˇβα(n−1)α˙(m) = 0 , ∇¯
β˙
Bˇα(n)β˙α˙(m−1) = 0 ,
∇
βBˆβα(m−1)α˙(n) = 0 , ∇¯
β˙
Bˆα(m)β˙α˙(n−1) = 0 . (B.37)
This implies that actions (B.32a) are gauge invariant.
When the background super-Weyl tensor is non-vanishing, it is easily verified that
the above identities do not hold in general. In order to restore gauge invariance (when
Bαα˙ = 0), it is necessary to introduce non-minimal primary corrections into our model,
S
(n,m)
NM =
∫
d4|4z E Υα(n)α˙(m)
(∑
i
Γi J
(i)
α(n)α˙(m)(Υ¯)
)
+ c.c. . (B.38)
The constants Γi are chosen to guarantee gauge invariance (possibly when the model
is coupled to a lower spin superfield) and J
(i)
α(n)α˙(m)(Υ¯) are primary structures explicitly
dependent on the super-Weyl tensor. This leads us to an important conceptual result:
non-minimal primary sectors are to be interpreted as curved superspace corrections to
the linearised higher-spin super-Bach tensors.
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